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Exercis

® Let M, be the number of {(1,1), (1, —1)}-walks in IN? of length 7 that
start at (0,0) and end at vertical altitude k. Let M(x,y) = ZMH ex"yk.

(@) Show that (y — x(1+1%)) - M(x,y) =y —x- M(x,0)
1 —4x2 -1
(b) Deduce that M(x,y) = %

@ Prove that Gessel’s generating function for excursions
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2F1< 2,76 16t) -
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is algebraic, using the Beukers-Heckman and Schwarz’s theorems.

G(t0,0) = =142t +11£2 + 8563 +- 7824 + - - -

2 r
@ Prove that the power series ) < nn) t" is algebraic if and only if = 1.
n

N oty and transcendence of power seris



s={(11),(1-1)}

Mn+1,k = Mn,k—l + Mn,k+1/ MO,O =1, M—l,k = Mn,fl =0fork,n>0

Multiply by y*+1x"*1, and sum over n,k € N

= v (My) - ¥ Mo ) = vPx- M(xy) +x- (M= ¥ Mo

k>0 n>0
N—— N——
M(O,y) =1 M(x,0)

= (y—x(1+v%) M(x,y) =y — x - M(x,0) (kernel equation)



s={(11),(1 -1}
(y—x(1+y%) M(x,y) =y — x- M(x,0) (kernel equation)

Kernel method: let yo € Q[[x]] the power series root of K = y — x(1 +?)

11— 42

= 3 54...
T =x+x°+2x° +--- € Q[[x]]

Yo

Plugging y = yo in the (kernel equation) = E(x) = M(x,0) = ‘%0

y—vo  V1—4x2+2xy—1
Kixy)  2x(y—x(1+y?)

= My =



