>
\ 4

\

restart;

Gosper's algorithm
[> u:=(3*n+1)/(n+1)*binomial (2*n,n);
Bn+1) (2;1”]

U= " 1.1)

> factor (normal (expand (subs(n=n+1,u)/u)));
2B3n+4)(2n+1)

B3n+1)(n+2)

> Z,A,B,C:=SumTools [Hypergeometric] [PolynomialNormalForm] (%,n);

1 1
Z,A,B,C:=4,n+5,n+2,n+? (1.3)

(1.2)

[ Check
> normal (Z*A/B*subs(n=n+1,C)/C);
2(3n+4)2n+1)

Bn+1)(n+2) (14)
[> rec:=Z*A*X(n+l1l)-subs(n=n-1,B)*X(n)=C;
rec::4(n+;)X(n-l—l)—(n-i-l)X(n):n-i-; (1.5)
> LREtools[polysols] (rec,X(n),{});
1
3 (1.6)
[> R:=%*subs(n=n-1,B)/C;
R= —"EL (.7)
3 (n + 3)
[> sumu :=normal (R*u) ;
2n
sumu = ( " ) (1.8)
;Chedc
> normal (expand (subs (n=n+l1, sumu)-sumu)) ;
(Bn+1) @”j
n+1 (1.9)
Zeilberger's algorithm
[> restart;
> u:=binomial (n+k,k)"2*binomial(n,k)"2;
__(n+k 2 2 21
o= () () @1
[> telescoper:=add(a[i] (n)*U(n+i,k),i=0..2);
telescoper == ay(n) U(n, k) +a (n) U(n+ 1,k) +a,(n) U(n + 2, k) 2.2)

> collect (expand(eval (%,U=unapply(u,[n,k])))/u,a,normal); # this
uses U(n+l,k)/U(n,k)

23N



m+1+kf%M)+(n+2+h2m+l+kf%M)

ay(n) + (2.3)

(-n—1+k)? (-n—=24k)?2(-n—14+k)?
;Apply Gosper's algorithm to this times U(n,k)
> eval(%,k=k+1)/%*normal (expand(subs (k=k+1,u))/u); # this uses U
(n,k+1)/U(n, k)
(n+2+k)7a(n)  (n+3+k>(m+2+kay(n)
ao(n) +

(n+1 2.4)

+
(-n + k)? (-n— 14K (-n+k)?

/I

(n+1+k)>ay(n)
)2

(n+1+k)a,(n)
)2

2

+ 5% (-n+k)? ay(n) +

(-n—1+k
(n+2+ k)?

(k+1)*

(-n—2+k)* (-n—1+k

> normal (%):

;splits into two parts:
> rl,r2:=selectremove(has,%,a);
rl,r2 = (—4 a;(n)k+12a,(n)n+60a,(n) k+ 60a,(n)n+a,(n) i 2.5)

4 4 4 4 4 3
tayg(n)n +a (n)k +a(n)n +a,(n)k +ay(n)n —2a,(n)k
+2ay(n)n’ +2a,(n) K +6a,(n)n’ +10a,(n) K + 10 ay(n) n° + ay(n) &
+ao(n)712—3al(n)kz+13011(71)112—|—37c12(11)kz—l—37az(n)n2
3 2 2 3 2 2 3

—4ay(n)kn+6ay(n)k"n”—4ay(n)kn” —2a (n) k" n" +4a,(n)k n
+6a2(n)k2n2+4a2(n)kn3-|-6a0(n)kzn—6a0(n)kn2—6a1(n)k2n
—2a1(n)kn2+30a2(n)k2n+30a2(n)kn2—2a0(n)kn—6al(n)kn
+74a,(n) kn+4a (n)+36 a2(n))/(4a1(n) k+12a,(n)n+ 12 a,(n) k
+12a2(n)n—12a0(n)k—|—l2a0(n)n—I—ao(n)k4+a0(n)n4+a1(n)k4

4 4 4 3 3 3
+a (n)n" +ay(n)k +a,(n)n’ —6ay(n)k +6ay(n)n” —2a,(n)k
2

+6a,(n) n + 6 a,(n) P+ 6 a,(n) n + 13 ay(n) P+ 13 ay(n)n

—3a,(n) K +13a,(n) n* + 13 ay(n) ¥ + 13 ay(n) i — 4 ay(n) K n

0
+ 64a,(n) i n? —4ay(n) ken® — 2a (n) i n? + 4a,(n) En+ 6a,(n) i n?
+4a,(n) kn® + 18 ay(n) Pn—18 ay(n) fen® — 6a (n) i n+ 2a,(n) ken®
+ 18 a,(n) P04+ 18 a,(n) kn® — 26 ay(n) kn+6a,(n) kn+26a,(n)kn

(n+ 14k (-n—2+k)?
(k+1)*

+4%M)+4%W)+4%WU,

;the first one is of the form P(k+1)/P(k):
> P:=collect(denom(rl),ha,factor); normal(rl-subs(k=k+1,P)/P);

Pi=(-n—=2+k> (-n—1+k ay(n) + (-n—2+ k> (n+1+k)a,(n) + (n




+2+4k)°

(n+1+k)>ay(n)
0 (2.6)

;the second one can be decomposed by Gosper-Petkovsek decomposition:
> Z,A,B,C:=SumTools[Hypergeometric] [PolynomialNormalForm] (r2,k);

ZABC=1,(-n—2+k>n+1+k% (k+ D% 1 Q.7

;Changing R into B(k-1)/C(k)/P(k) * X(k) we are reduced to looking for polynomial solutions of
> rec:=Z*A*X(k+1)-subs (k=k-1,B)*X(k)=C*P;
reci= (-n—24+k>n+ 1+ Xk+ 1) =K X(k)=(-n—2+k>(-n—1  (2.8)

+ )% ag(n) + (-n =2+ k) (n+ 1+ k) a (n) + (n+2+8)7 (n+ 1
+H2%W)

;Bound on the degree of polynomial solutions in k:

> MultiSeries:-asympt (expand(eval(op(1l,rec),X=unapply(k”p,k))
/k”p) /k,2);

(p—2)K +0(#) 2.9)
;has to be of degree 2. Undeterminate coefficients:
> eval(op(l,rec)-op(2,rec),X=unapply(add(x[i]*k"i,i=0..2),k));
(=240 (n+ 1+8)7 ((+ 1)2xy + (k+ 1) x +x)) =& (x, o +x, & (2.10)
2 2 2
+%y—pn—2+m (-n—1+k) ay(n)— (-n—=2+k)" (n+1

+k)2a(n)— (n+2+k)° (n+1+k)ay(n)

;lead to a linear system by taking coefficients of powers of k:

> sys:={coeffs(expand(%),k)};

Sys 1= {—xl—6x2—2n2x2—6nx2—a0(n)—al(n)—az(n),—2x0—5x1—4x2 (2.11)
—2n2x1—6nx2—6nx1—2n2x2+6a0(n)+2a1(n)—6a2(n)+4a0(n)n
—4a2(n)n,—3x0+x1+9x2—6nx0+15n2x2+18nx2+6n3x2+n4x2

2 2 2
—2n"xy—13ay(n) +3a,(n) —13a,(n) —6ay(n)n” +2a (n)n
2

—6a,(n)n” —18ay(n)n+6a (n)n—18a,(n)n,4x,+ 12 x, + 8x,

+2n4x2+18nx1—|—12n3x2—|-28n2x2+30nx2+6nx0—|—6n3x1—|—2n2x0

2 4 3 3
+15n"x +n"x  —4a,(n) —12a,(n) +12ay(n) +4a,(n) n” —4a,(n)n

+ 18a,(n) n’ —2a(n) n’ — 18 a,(n) n* + 26 ay(n)n—=6a (n)n
—26a,(n) n,n4x0-i-n4x1 +n4x2+6n3x0+6n3x1 +6n3x2+ 13 n2x0
+13m°x + 1307 x, + 12nxy+ 12nx + 12nx, + 4x, + 4x, +4x,

—12a,(n)n—12a,(n)n — 12 ay(n) n —ay(n) nt— a,(n) nt— a,(n) nt

3 3 3 2 2
—6ay(n)n” —6a(n)n” —6a,(n)n” —13ay(n)n” — 13 a,(n)n

— 13 a,(n) n’ —4ay(n) —4a(n) —4a2(n)}

:Solve linear system



> sol:=solve(sys, {seq(x[i],i=0..2),seq(a[i](n),i=0..2)});

3x
sol = 1x,= -2 (n2+3n+2)x2,x1= —Tz,x2=x2, ay(n) (2.12)
(n3+3nz+3n—i-1)x2 x2(17n2+51n+39)
- 8 (3+2n) »ay(n) = - 3 s ay(n)
X, (n3+6n2+12n+8)
- 8 (3+2n)

;Thus, we have found
> tel:=subs(sol,x[2]=1,telescoper);
(P +3n° +3n+1)Umk) (1702 +51n+39) Un+ 1,k)
8 (3+2n) B 8
(R +6n”+12n+8) Un+2,k)
8 (3+2n)

> cert:=subs(sol,x[2]=1,subs(k=k-1,B)/C*add(x[i]*k"i,i=0..2)*
tel/P);

3 2
4(2 3 2 (n +3n —I—3n—|—l)U(n,k)
= — —k—2n" — —4 .
cert (k (k ) k n 6n ) [ $(3+2n) (2.14)

(1747 +51n+39) Un + 1, k) . (P +6n”+12n+8) Un+2,k)
8 8 (3+2n)

(-n—2+4k> (-n—1+6° (> +3n> +3n+1)
8 (3+2n)
C(n=2+4 kP 1+ (1727 + 510 +39)
8
(n+14+k)* (R’ +6n*+12n+38)
8 (3+2n)

tel = 2.13)

)2

n (n+2+k

jCheck:
[> normal (expand (eval (tel- (subs (k=k+1,cert)-cert) ,U=unapply(u, [n,
k1))));
0 (2.15)
;Simplify certificate:
> factor(normal (expand(eval (cert,U=unapply(u,[n,k])))/u))*u;

2 2
2R —4nt—3k—12n—28) (”Zk) (Z)

)2

2 (2.16)
2(-n—=2+4+k)"(-n—1+k
;Maple's implementation:

| > SumTools[Hypergeometric] [Zeilberger] (u,n,k,Sn);

¥ Multiple Binomial Sums




sumtoCT:=proc(u, inds,x, ini)
if not has(u,inds) or type(u, ”~") and not has(op(1,u),inds) then u

rarnelif type(u,specfunc(Delta)) then x[ini]”op(u)

rrrmnelif type(u,specfunc(Binomial)) then (1+x[inil)”op(1,u)/x[inil”~op(2,u)
elif type(u, + ) then normal(map(sumtoCT,args))
elif type(u, *") then sumtoCT(op(1,u),inds,x,ini)*sumtoCT(subsop(1=1,u),inds,x,ini+1)
elif type(u, ”") then sumtoCT(op(1,u),inds,x,ini)*sumtoCT(op(1,u)”~(op(2,u)-1),inds,x,ini+1)
elif type(u,specfunc(Sum)) then normal(sum(sumtoCT(op(1,u),inds,x,ini),op(2,u)))
else error "forgotten case",u

10 fi

11 end:

12

13 sumtoGF :=proc(u, inds,t)

14 local x, CT:=sumtoCT(u,inds,x,0),1i,indx;

0N U A WN R

©

15 _EnvFormal:=true;

16 for i to nops(inds) do if has(CT,inds[i]) then CT:=sum(CT*t[il~inds[i],inds[i]=0..infinity) fi od;

17 indx:=select(has, indets(CT,indexed),x);

18 CT:=normal(CT/convert(indx, *"));

19 for i in indx do CT:=Int(CT,i) od;

20 CT
> sumtoCT(Binomial(n,k),[k,n],x,0);

n
(1 + xo)
~— @3.1)
Yo

> sumtoCT (Binomial (n, k) *Binomial (n+k,k), [k,n],x,0);
(1+x)" (1 +x)" " F

K 3.2)
Y0¥
> sumtoCT (Sum(Binomial (n,k) *Binomial (n+k,k) ,k=0..n),[k,n],x,0);
1+ x n—+1
L+x)" (1+x)" — L — 1
( xo) ( xl) YoM X X,
3.3)
XXy — X — 1
B sumtoCT (Binomial (n,k)“2*Binomial (n+k,k)"2,[k,n],x,0);
n n n-+k n—+k
(l-l-xo) (l-l-xl) (l-l-xl) (l-l-xz)
7 (34
k [ k k
X, (x1> Xy
| Apery
> sumtoCT (Sum(Binomial (n,k)"“2*Binomial (n+k,k)"2,k=0..n),[k,n],x,
0);
n—+1
; 2 ; 5 (l-l-x])(l-l—xz)
(1+x0) ((l—i-xl) ) (1+x2) Xy X] %, 3 —1
Yo X152
3.5)

2
xoxlxz—xlxz—xl—xz—l

> sumtoGF (Sum(Binomial (n, k) "2*Binomial (n+k,k)"2,k=0..n),[k,n], t)

4

‘ 2 2 2 2
‘ xl/(<t2xox1 Xy by Xy X] 20 Xy X X, X[ 20 x0%, + X%+ LX) (3.6)

32 3
+2¢tx x —I—t2x0+2t2x1—|—t2x2—|-t2— 1) (tzxoxlxz+2t2x0x1x2+3t2x0

27172
2 2 3 2 3 2 2 3 2 2
X[ X5 + 1 X] X5 +12x0x1 + 6t2x0x1 X, + 3t2x0x1 X5 +2t2x1x2 + 3 X[ X5

2 3 2 2 2
+ 1, x, X +t2x1+6tx X, +3¢1x,x — X X[ Xy

2
+3t,x.x;+6¢,x ) X[ Xy 5%

2% %1 2% X1 X T L XXy

2 2
—|—3t2x0x1 —|—2t2x0x2-i-3t2x1 +6t2x1x2+t2x2+t2x0+3t2x1 -l—2t2x2




%—5)>dﬁﬂkld@

;Andrews-Paule
> sumtoCT (Sum(Sum(Binomial (i+j,i)"2*Binomial (4*n-2*i-2*j,2*n-2%*
2n

i),j=0..n),i=0..n),[i,j,n],x,0);
(1+x0)x1 nt 1]
(1 -I—xl)xo ] a7
X1 (%o =)

1+ % n+1
— 1
1+ X, %o
2
> sumtoGF (Sum(Sum(Binomial (i+j,1i)"2*Binomial (4*n-2%i-2%j,2*n-2*
i),j=0..n),i=0..n),[n,i,j],t);

H—(x% (t%xéx?+6t2x2x5+2t2x x6

2

(1+x”4n(1+x0

2 2 4 2 5 2 6 2 2
+ 156 xpx] + 12 £ x5 x] + £, x] + 20 1] x 3.9

17071 17071

3 2 4 25 2 2 2 3
X -|—30t1)c0x1 —|—6t1x1 + ISI%xOxl —i—40t1x0x1
2 2

2 23 2 2 2 2 3 2 2 2
t1x0x1+20t1x1+t1x0+12t1x0x1+15t1x1—x0x1+2t1x0+6t1x1+t1))

2 4 2 2
+15l1x1+6t1x0x1+30

4 3 2 2 3 2 3
/((t1x1+4t1x1+6t1x1+4t1x1—x1+t1) <t1x0x1+3t1x0x1+t1x1
+3tx,x, +3¢ x2+t X, +3tx, —x,x —I—t)(tx x3—|—3tx x2+tx3

17071 171 170 171 071 1 17071 17071 171
+ 3¢ x,x, +3¢ xz—l—t x,+ 3¢ x —xz—l—t)(t x2x2+2tx2x +2¢ x, X
17071 171 170 171 1 1 17071 17071 17071

2 2
+t1x0+4t1x0x1+t1x1+2t1x0+2t1x1—x0x1+t1) dxodxl



