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See also September 14th lesson
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P, q € K[x], of degree n and m
¢ Kx] x Kx] = K[x]

(u,v) = up + vq

K. [x] the polynomials of degree less than n

e Kulx] x Kix] = Kygmlx]

(uyv) — up + vq




Bivariate resultant
00®00000000

P, q € K[x], of degree n and m
¢ Kx] x Kx] = K[x]

(u,v) — up + vq

K. [x] the polynomials of degree less than n
e Kulx] x Kix] = Kygmlx]
(uyv) — up + vq

Theorem: ¢ si an isomorphism if and only if ged(p,q) =1
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p,q € K[x], of degree n and m
@ Kin [)C} X Ky [x] - Kn+m [x]
(u;v) = up +vq

Basis for Ky [x] x Ka[x]: (x/,0) for 0 < i < mand (0,) for 0 <j < n and

Basis for Kym[x]: X for0 <l <n+m




Entries in K

P-q € Klx] .
Sylvester matrix
degp,qg = n
Pa 9
Pn-1 Pn Gn-1 9n
s=| P Pn 9
Po : Pu-1 90 : In-1
Po H q H
Po 90

—— Res(p,q) = detS € K?

c K2n><2n
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> pl:=randpoly(x,degree=n) mod q;

pli=70x" +28x° +52:% + 69x +47
>
> p2:=randpoly(x,degree=n) mod q;

p2=70x" +272° +59% +51x+3
>

>
> S:=Transpose(SylvesterMatrix(pl,p2,x));
70 0 0 0 700 0 0

2870 0 0 2770 0 O
522870 0 59 27 70 0
69 52 28 70 51 59 27 70
47 69 52 28 3 51 59 27
0 47 69 52 0 3 51 59
0 0 4769 0 0 3 51
00 0470 0 0 3
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minant approach?

> pl:=randpoly(x,degree=n) mod q;

pl=70x" +282° + 527 + 69x +47
>
> p2:=randpoly(x,degree=n) mod q;

p2i=70x" +27° 45927 +51x+3
>

>

> S:=Transpose(SylvesterMatrix(pl,p ;
70 0 0 0
70 0 0 70 0 0

522870 0 59 27 70 0
69 52 28 70 59 27 70
47 69 52 28 51 59 27
0 47 69 52 3 5159
0 0 47 69 0 3 5l
0 0 0 47 0 0 3

w

o O o W
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"

> alpha:=-S[1,1]/S[1,n+1];

o= —1
> for j from 1 to n do S:=map(t->t mod g, ColumnOperation(S,[j,j+n],alpha)): od: S;
>

18 64 1
44 18 64 1 3 51 59 27
0 44 18 64 0 3 51 59
0 0 4418 0 0 3 51
00 040 0 0 3

v

> p3:=Rem(pl,p2,x) mod q;
p3 =0+ 64+ 18x+44

>

v
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minant approach?

"

> alpha:=-S[1,1]/S[1,n+1];
o= —1

> for j from 1 to n do S:=map(t->t mod g, ColumnOperation(S,[j,j+n],alpha)): od: S;
>

7000 0

0 0 59 70 0
64 1 0 515927 70
44 18 64 1 3 51 59 27
0 44 18 64 0 3 51 59
0 0 4418 0 0 3 51
00 040 0 0 3

v

> p3:=Rem(pl,p2,x) mod q;
p3 =0+ 64 +18x+44

ARV
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>
> alpha:=-S[2,n+2]/S[2,1];
o= —70
> for j from 1 to n-1 do S:=map(t->t mod q, ColumnOperation(S,[j+n+l,j],alpha)): od: S;
00 0 0700 0 0

18 1
44 18 64 1 3 24 6 20
0 441864 0 3 24 6
0 0 4418 0 0 3 24
0 0 040 0 0 3
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> alpha:=-S[3,n+2]/S[3,2];

o= —20
> for j from 2 to n do S:=map(t->t mod q, ColumnOperation(S,[j+n,j],alpha)): od: S;
00 0 0700 0 0
1 0 0 0270 0
641 0 059 0 0
1864 1 0 5114 |0
44 18 64 1 3)19|4
0 44 18 64 046 |19
0 0 4418 00 M6
0 0 0 44 0§00 46

b oo oo

©

>
>
>
>

Rem(p2,p3,x) mod q;
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Resultant algorithm a la Euclid

p(x) and g(x) of degree m and n

Euclidean division: p(x) = u(x)q(x) + r(x), with degr = d

Res(p,q) = (~1)""q;“ Res(q,r)




Entries in K

P-q € Klx] .
Sylvester matrix
degp,qg = n
Pa 9
Pn-1 Pn Gn-1 9n
HE Pn i H '
S = ) . 2nX2n
Po : Pu-1 90 : In-1 €K
Po H qo H
Po 90

—— Res(p,q) = detS € K?

Knuth-Schénhage-Moenck recursive polynomial gcd: O (1) operations




Bivariate resultant
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Elimination property

R an integral domain, p, ¢ € R[x] non zero

Theorem: There exist non zero u an v in R[x] such that

u(x)p(x) +v(x)q(x) = Res(p,q), degu < deggq, degv < degp
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Elimination property

p(x,¥),q(x,y) seen as polynomial in (K(x))[y]
r(x) = Resy(p(x,y), q(x,y))

There exist non zero u and v in K[x, y] such that

u(x, y)p(x,y) +v(x,y)g(x,y) = r(x)

Hint: see the relation over K(x) and multiply by a common denominator
= 0 or linear system with the Sylvester matrix and Cramers’ rule



Entries in K[x]

p-q € Klx,y]  deg, =1, deg,=n

Pa(%) 4,(x)
Paei(X) Pyx) Gt (%)
PuX) ) () K[x]21x2n
S() = € K[x]
Sl PO Prs® a0 e
Po(x) H Go(x) :
Po(x) Go(x)

detS(x)?
Output degree: 2n

2n points — O (n X n)
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Rule of thumb:

Costover K[x] < Costover K x Output degree

(Evaluation-interpolation scheme)
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Rule of thumb:

Costover K[x] =< Costaver K x Output degree

(Evaluation-interpolation scheme)
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Tool 1: Structure that is kept recursively

Tool 2: Minimal bases for mastering the degrees, recursively




The difficulty
oe

Tool 1: Structure that is kept recursively

Tool 2: Minimal bases for mastering the degrees, recursively

~ It is unknown how to combine those tools “optimally”

However, one may split the difference ...




Another determinant approach?




Another determinant approach?
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Simplified problem

Bivariate resultant = determinant of a polynomial quasi-Toeplitz (Sylvester) matrix

!

Determinant of (A — x) for A Toeplitz




Another determinant approach?
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Why?

(A—x)_] _ Z(A_l)kxk _ ZXi-lHAi

k>0 i>0

~~ One can compute a truncated expansion fast

then recover the determinant




Another determinant approach?
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Why?

(-0~ =3 (A = in-lHAl

k>0 i>0

~~ One can compute a truncated expansion fast

then recover the determinant

> Lifting approach

> Krylov subspace approach




The difficulty Another determinant approach?
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Expansion at zero: lifting

A-n"" =3 @

k>0




Another determinant approach?
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Newton-iterative system solution
ewto Yy AcK [ CC}"X"
[Lipson 1969] [Moenck, Carter 1979] [Dixon 1982]

1. First terms of the solution A~ (x)b(x) = so(z) mod z?

2. Residue b(z) — A(x)so(z) =z (x)

3. Next terms of the solution A =50+ (A7 )zt 4 ...




Another determinant approach?

O0000@00
wton-iterativ m solution
Newton-iterative system solutio A € Klz]™m
[Lipson 1969] [Moenck, Carter 1979] [Dixon 1982]
1. First terms of the solution A~Yx)b(x) = so(x) mod z?

2. Residue b(z) — A(x)so(z) =z (x)

3. Next terms of the solution A =50+ (A7 )zt 4 ...
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00000080
Newton-iterative system solution A € K[z]™*m
[Lipson 1969] [Moenck, Carter 1979] [Dixon 1982]
1. First terms of the solution A~Yx)b(x) = so(x) mod z?
2. Residue b(:[;) — A(ZE)SQ(Q?) — xdrl (SL')

3. Next terms of the solution  A~'b = sy + (A_lrl)xd + ...




Another determinant approach?
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[Storjohann 2003]

Lifting approach (Krylov after linearization)

Linear system A(x)u(x) = b(x), n x n of degree d:

A b(x) = C(x) Y @' (b)x™H!

i>0

for a well chosen operator ¢ (linear in K"?)




The difficulty Another determinant approach?

Expansion at infinity: Krylov

1 .
-1 _
(A== A

i>0
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Krylov-Wiedemann subspace method

Ex: Characteristic polynomial (Cayley-Hamilton theorem)
(Generic case)

—1 49 . .
1A, ... ;A" A" The relation gives
- ,
pa(@)=po+pr+...+pp1a" " +a"

det A
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Krylov-Wiedemann subspace method

Ex: Characteristic polynomial (Cayley-Hamilton theorem)
(Generic case)

—1 49 . .
1A, ... ;A" A" The relation gives
- ,
pa(@)=po+pr+...+pp1a" " +a"

b, Ab,..., A" b, A"
-

det A




Another determinant approach?
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Krylov-Wiedemann subspace method

Ex: Characteristic polynomial (Cayley-Hamilton theorem)
(Generic case)

—1 49 . .
1A, ... ;A" A" The relation gives
- ,
pa(@)=po+pr+...+pp1a" " +a"

b, Ab,..., A" b, A"

i det A
t t t gn—1 tAn
c'b,ctAb,...,c" A" b, c"A"b  Scalar sequence
-
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Let’s split the difference: only one level (non recursive)

> Use of the structure for computing a truncated expansion

»> Minimal approximants

> (+ Baby steps giant steps paradigm)




Bivariate resu The difficulty Another determinant approach?
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69591193773
203713103035
97579672962
20371,
2 1 -5 -12 6 4 -1 2 -1 8 2848236008:
203713103035
29281306465
o -6 1 30742620607
s o2 08 1 __ 187605083672
A-p 203713103035
_ 7390918941
-5 5 -2 8 6 -5 4 -10 203713103035
9 __ 39531524706
203713103035
__ 28866179508
-1z 30742620607

_ 10372027446
10742620607

203713103035

Determinant ?

Cramer’s rule: det A = — 20371310335




Another determinant approach?
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69501103773

203713103035
P 97579672962
2 -5 -10 10 -10 10 0 0 -0 1 203713103035
2 11 5 12 6 2 -1 s 28 0824
-9 0 1 -3 -2 5 -2 -1 203713103035

A= |7 540 5 1 0 5 2 5 Alp =
2o s 2 8 5 4 -0
Lo e s 1o B _ sosmsnarne
203713103035
062 ! 2 10 4 __ 28866179508
bt

_ 10372027446
10742620607

Determinant ?

Cramer’s rule: det A = — 20371310335

What if solving a linear system has prohibitive quadratic cost ?




Bivariate

The difficulty Another determinant approach?

A few entries of a few solutions




The difficulty

Bivariate Another determinant approach?

A few entries of a few solutions

ATl=
64 47 —24 122 0 36 183 785 17"
_ _ 20 36 -36 140 363 319 379 -41
Step 1. XAy =pP0 ' = : .
44 66 —38 213 —116 —299 672 —195

13 18 -3 66 382 —387 0 344




The difficulty Another determinant approach?

A few entries of a few solutions

64 47 —24 122 0 36 183 785
Step 1. XTA_1Y= PQ_I — 20 36 -36 140 363 319 379 -4l
44 66 —38 213 —116 —299 672 —195
13 18 -3 66 382 —387 0 344

Step2.  detQ =detA = — 20371310335
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Characteristic polynomial
of

4
3
4
2

o & = e
[T RSO
[SCRE NCRE O R e )




Another determinant approach?
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Characteristic polynomial
of r— A
4 110 -4 -1 -1 0 nxn
31 4 2 -3 z-1 -4 2
A= det
44 2 2 -4 4 z-2 -2
20 0 2 -2 0 0 w-2




Another determinant approach?
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Characteristic polynomial
of r—A
4 110 -4 -1 -1 0 nxn
31 4 2 -3 z-1 -4 2
A= det
4 4 2 2 -4 -4 z-2 -2
20 0 2 -2 0 0 w-2
Plan A
Krylov

det [z —92% + 522 + 487 —96] 1x1
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0O00@000000000
Characteristic polynomial
of r— A
4 110 -4 -1 -1 0 nxn
31 4 2 -3 z-1 -4 2
A= det
44 2 2 -4 4 z-2 -2
20 0 2 -2 0 0 w-2

Plan K
Block Krylov det

4

2?2 4+17/22 -8 Tz _20 n? xn

9z —4 2? — 352 49

}

det [z —92% + 522 + 487 —96] 1x1
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Block Krylov

C,B e K™

C'B,C'AB,...,CtA*~'B, C'A°B
PV
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Block Krylov

C,B e K™

C'B,C'AB,...,CtA*~'B, C'A°B
PV

(C*A'B). Mo+ (C*A™B). M, + ... + (C* A B). M

M(x)?

> Minimal approximants
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Block Krylov

C,B e K™

C'B,C'AB,...,CtA*~'B, C'A°B
PV

Matrix fraction reconstruction

> (C'AB)z™"! = N(2)/M(x)

i
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Baby steps / giant steps
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A(z) € Rlx]™*™ cth,ctAb, . AT AT 2
-




Another determinant approach?
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A(z) € Rlz]™™"

Baby steps

1.1

1.2.

ctb, ctAb, .. AT Ay 2
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A(z) € Rlz]™*"

Baby steps 1.1.
1.2.

Giant steps 1.3.

1.4.

Relation 2.

ctb, ctAb, .. AT Ay 2
-«

A(z)'d, 1<i<Vn
P(z) = A(z)V"

P, 1<j<2vn

2n products = oy, = ¢t A(z)*b

Find the linear recurrence relation for the o,
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Resultant
of bivariate polynomials ~ ~
| POl 0 (n?) 0m®  21_1w
eg, =1, deg,=n

Sylvester of degree one

Modular
composition
degg=n

0 (n'9) 0 (n'*) (@ +2)/3

Truncated power ~o15 ~(,,1.46
series composition 0 @) 0 (™)

g=y"

(@+2)/3
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Open problem

deg, = 1,deg, = n, resultant algorithm in O(M(n)) arithmetic operations?
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