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Over a field K

a0 = 0, a1 = 1, a2 = 1, a3 = 2, a4 = 3, a5 = 5, a6 =?

Fn+2 = Fn+1 + Fn

Linearly recurring sequence:

aip0 + ai+1p1 + . . .+ ai+npn = 0, 8i � 0

a0 = 2, a1 = 1

Ln+2 = Ln+1 + Ln
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aip0 + ai+1p1 + . . .+ ai+npn = 0, 8i � 0

I Power series in K[[1/x]]

p(x) is a generating polynomial if and only if

X

i�0

ai

xi+1 =

r(x)
p(x)

, deg r < deg p
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aip0 + ai+1p1 + . . .+ ai+npn = 0, 8i � 0

I Power series in K[[x]]

p(x), p(0) 6= 0 is a generating polynomial of degree n if and only if

X

i�0

aixi
=

t(x)
ˆp(x)

, deg t < deg p

where ˆp(x) = p(1/x) xn
= p0xn

+ p1xn�1
+ . . .+ pn
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Matrix sequences

A 2 Km⇥m

Minimal polynomial of the matrix

Aip0 + Ai+1p1 + . . .+ Ai+npn = 0, 8i � 0

Minimal polynomial of a vector w.r.t to A, u 2 Km

(Aiu)p0 + (Ai+1u)p1 + . . .+ (Ai+nu)pn = 0, 8i � 0

Minimal polynomial of an associated scalar sequence, v 2 Km

(vTAiu)p0 + (vTAi+1u)p1 + . . .+ (vTAi+nu)pn = 0, 8i � 0
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Matrix sequences- ctd

A 2 K[x]m⇥m

Vector generating polynomial, ~p 2 K[x]m

Ai~p0 + Ai+1~p1 + . . .+ Ai+n~pn = 0, 8i � 0

! form a K[x]-module

Right (or left) matrix minimal polynomial, P 2 K[x]m⇥m

AiP0 + Ai+1P1 + . . .+ Ai+nPn = 0, 8i � 0
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aip0 + ai+1p1 + . . .+ ai+npn = 0, 8i � 0

I p(x) = p0 + p1x + p2x2
+ . . . pnxn is a generating (or characteristic) polynomial

I Principal ideal domain (exercise): minimal polynomial

I Monic polynomial: the minimal polynomial

How to compute the minimal polynomial?
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Minimal approximant basis

H(x) an m ⇥ 2m matrix of power series in K[[x]]

A polynomial matrix B 2 K[x](2m)⇥(2m) is a minimal approximant basis of H at order � if

I its columns for a basis of the K[x]-module of vectors v 2 K[x]2m such that
Hv = 0 mod x�

I the basis is minimal

m = 1,� = 6

h
5 + 3 x + 2 x2 + x3 + x4 �1

i

2

4
x2 � x � 1 2 x4 � 3 x3

�8 x � 5 x4 � 15 x3

3

5 =
h

x6 2 x8 � x7 + x6
i
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Algorithm m = 1

⇥
g(x) h(x)

⇤  1 0
0 1

�
=

⇥
r0(x) t0(x)

⇤
=

⇥
⇢ x0

+ x(. . .) ⌧ x0
+ x(. . .)

⇤

At step i:
⇥

g(x) h(x)
⇤ ⇥

bi(x) ci(x)
⇤
=

⇥
ri(x) ti(x)

⇤

⇥
g(x) h(x)

⇤  bi,1(x) ci,1(x)
bi,2(x) ci,2(x)

�
=

⇥
⇢ xi

+ xi+1
(. . .) ⌧ xi

+ xi+1
(. . .)

⇤
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Cost bound: O(�2
)

I For order �: � iterations

I operations on polynomials (truncated power series) of degree less than �

update of the basis and of the residue
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Exercise

h(x) =
2n�1X

i

a2n�i�1xi

p(x)h(x) = r(x) mod x2n

⇥
h(x) �1

⇤  p(x) ·
r(x) ·

�
=

⇥
0 0

⇤
mod x2n
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