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Breaking news

▷ Improves previous best upper bound ω < 2.37286 to ω < 2.37188.
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The exercise from last week

Prove the identity

arcsin(x)2 = ∑
k≥0

k!(
1
2

)
· · ·
(

k + 1
2

) x2k+2

2k + 2
,

by performing the following steps:
1 Show that y = arcsin(x) can be represented by the differential equation

(1− x2)y′′ − xy′ = 0 and the initial conditions y(0) = 0, y′(0) = 1.
2 Compute a linear differential equation satisfied by z(x) = y(x)2.
3 Deduce a linear recurrence relation satisfied by the coefficients of z(x).
4 Conclude.
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Solution, Part 1.

The starting point is the identity

(arcsin(x))′ =
1√

1− x2
,

which allows to represent arcsin(x) by the differential equation

(1− x2)y′′ − xy′ = 0

together with the initial conditions

y(0) = arcsin(0) = 0, y′(0) =
1√

1− 02
= 1.
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Solution, Part 2.
Let z = y2, with y′′ = x

1−x2 y′.

By successive differentiations, we get

z′ = 2yy′,

z′′ = 2y′2 + 2yy′′ = 2y′2 +
2x

1− x2 yy′,

z′′′ = 4y′y′′ +
2x

1− x2 (y
′2 + yy′′) +

(
2

1− x2 +
4x2

(1− x2)2

)
yy′

=

(
2

1− x2 +
6x2

(1− x2)2

)
yy′ +

6x
1− x2 y′2.

▷ z, z′, z′′, z′′′ are Q(x)-linear comb. of y2, yy′, y′2, thus Q(x)-dependent
▷ A dependence relation is determined by computing the kernel of

M =

 1 0 0 0
0 2 2x

1−x2
2

1−x2 +
6x2

(1−x2)2

0 0 2 6x
1−x2


▷ The kernel of M is generated by [0, 1, 3x, x2 − 1]T

▷ The corresponding differential equation is

(x2 − 1)z′′′ + 3xz′′ + z′ = 0.
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Solution, Part 2., a variant

Let z = y2, with y′′ = x
1−x2 y′.

By successive differentiations, we get

z′ = 2yy′,

z′′ = 2y′2 + 2yy′′ = 2y′2 +
2x

1− x2 yy′ = 2y′2 +
x

1− x2 z′,

z′′′ = 4y′y′′ +
x

1− x2 z′′ +

(
1

1− x2 +
2 x2

(1− x2)
2

)
z′

=
4x

1− x2 y′2 +
x

1− x2 z′′ +
x2 + 1

(x2 − 1)2 z′

=
2x

1− x2

(
z′′ − x

1− x2 z′
)
+

x
1− x2 z′′ +

x2 + 1

(x2 − 1)2 z′.
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Solution, Part 3.

▷ Write z(x) = ∑n anxn. Then:

z′ = ∑
n
(n + 1)an+1xn,

z′′ = ∑
n
(n + 1)(n + 2)an+2xn,

z′′′ = ∑
n
(n + 1)(n + 2)(n + 3)an+3xn.

▷ The coefficient of xn in (x2 − 1)z′′′ + 3xz′′ + z′ is

(n− 1)n(n + 1)an+1 − (n + 1)(n + 2)(n + 3)an+3 + 3n(n + 1)an+1 +(n+ 1)an+1

▷ Thus, the recurrence corresponding to (x2 − 1)z′′′ + 3xz′′ + z′ = 0 is

(n + 1)(n + 2)(n + 3)an+3 = (n + 1)3an+1.

▷ Since (n + 1) has no roots in N, it further simplifies to

(n + 2)(n + 3)an+3 − (n + 1)2an+1 = 0.
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Solution, Part 4.

▷ z = ∑n anxn satisfies

(n + 2)(n + 3)an+3 − (n + 1)2an+1 = 0.

▷ Initial conditions:

a0 = z(0) = y(0)2 = 0, a1 = z′(0) = 2y(0)y′(0) = 0, a2 =
1
2

z′′(0) = y′(0)2 = 1.

▷ Recurrence and a1 = 0 imply a2k+1 = 0, so the series is even.

▷ Let bk = a2k+2. Then z(x) = ∑k bkx2k+2 and

(2k + 1)(2k + 2)bk = 4k2bk−1, b0 = 1

▷ Thus, the sequence (bk)k is hypergeometric and

bk = 2
k2

(k + 1)(2k + 1)
bk−1 = · · · = 2k k!2

(k + 1)!(2k + 1)(2k− 1) · · · 3
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k!

(k + 1) · (k + 1
2 )(k−

1
2 ) · · ·

3
2
=

k!
(k + 1

2 )(k−
1
2 ) · · ·

1
2

1
2k + 2

□
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COMPUTING TERMS OF RECURRENT SEQUENCES
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Main question

Given a sequence (un)n≥0 in a ring R, and N ∈N, compute uN fast

▷ Input (un)n≥0 is assumed to be a recurrent sequence, and it is specified by
a recurrence relation and enough initial terms

▷ Efficiency is measured in terms of ring operations, or of bit operations

Two variants:

Given (un)n in RN and (N1, . . . , Ns)∈Ns, compute (uN1 , . . . , uNs ) fast

and

Given (un)n in ZN and (Nℓ)
s
ℓ=1 ∈Ns, compute (uNℓ

mod Nℓ)
s
ℓ=1 fast
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Examples
Given a sequence (un)n≥0 in a ring R, and N ∈N, compute uN fast

• geometric: un = qn, i.e., un+1 = q · un with u0 = 1

• Fibonacci: un+2 = un+1 + un with u0 = u1 = 1
C-recursive

• factorial: un = n!, i.e., un+1 = (n + 1) · un with u0 = 1

• Motzkin: un+1 = 2n+3
n+3 · un + 3n

n+3 · un−1 with u0 = u1 = 1

P-recursive
(holonomic)

• q-factorial: un = [n]q! := (1 + q)· · ·(1 + q + · · ·+ qn−1),
i.e., un+1 = (1 + q + · · ·+ qn) · un with u0 = 1

• ∑n−1
k=0 qk2

: un+1 − un = q2n−1(un − un−1) with u0 =0, u1 =1

q-holonomic

• Göbel: un+1 = 1
n · (1 + u2

0 + u2
1 + · · ·+ u2

n−1) with u0 = 1

• Somos: un+5 = un+4·un+1+un+3·un+2
un

with u0 = · · · = u4 = 1
non-linear

• Katz: un+1 = ∂un
∂x −M · un with M ∈ Mr(Fp(x)), u0 = Ir p-curvature

Alin Bostan N-th term of a linear recurrent sequence
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(holonomic)

• q-factorial: un = [n]q! := (1 + q)· · ·(1 + q + · · ·+ qn−1),
i.e., un+1 = (1 + q + · · ·+ qn) · un with u0 = 1

• ∑n−1
k=0 qk2

: un+1 − un = q2n−1(un − un−1) with u0 =0, u1 =1

q-holonomic

• Göbel: un+1 = 1
n · (1 + u2

0 + u2
1 + · · ·+ u2

n−1) with u0 = 1

• Somos: un+5 = un+4·un+1+un+3·un+2
un

with u0 = · · · = u4 = 1
non-linear

• Katz: un+1 = ∂un
∂x −M · un with M ∈ Mr(Fp(x)), u0 = Ir p-curvature
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Motivations

algebraic complexity theory

evaluation of polynomials: xN and ∑N
ℓ=0 2ℓxℓ vs. ∑N

ℓ=0 22ℓ xℓ [Strassen, 1974]

basic computer algebra questions
matrix powering MN ; more generally, P(M) [Giesbrecht, 1995]
Graeffe polynomials ∏

P(α)=0
(x− αN) [B., Flajolet, Salvy, Schost, 2006]

modular polynomial exponentiation PN mod Q [B., Mori, 2020]

more involved computer algebra questions
polynomial linear algebra [Storjohann, 2003]
factoring in Fq[x] [Berlekamp, 1970; Cantor, Zassenhaus, 1981; Shoup, 1995]

algorithmic number theory
primality tests [Solovay, Strassen, 1977; Miller, 1976; Rabin, 1980; Atkin,
Morain, 1994; Agrawal, Kayal, Saxena, 2004]

effective algebraic geometry
counting points on elliptic curves over Fq [Schoof-Elkies-Atkin, 1992–1998]
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Overview: naive algorithms

Seq.
Term

Arith.
size

Arith.
cost

Method
Bit
size

Bit
cost

Method

qN 1 O(N) iterative N Õ(N2) iterative
algorithm algorithm

† assuming quasi-optimal (FFT-based) integer multiplication M(N) = Õ(N)
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FN 1 O(N) algorithm N Õ(N2) algorithm
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algorithm algorithm

† assuming quasi-optimal (FFT-based) integer multiplication M(N) = Õ(N)
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∑N
n=0 qn2

1 O(N2) algorithm N2 Õ(N3) algorithm
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Overview: best algorithms

Seq.
Term

Arith.
size

Arith.
cost

Method
Bit
size

Bit
cost

Method

qN 1 O(log N) binary N Õ(N) binary
powering powering

† assuming FFT-based integer and polynomial multiplication M(N)=Õ(N)
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[N]q! 1 Õ(
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N) baby-steps / N2 Õ(N2) binary
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1 Õ(
√

N) giant-steps N2 Õ(N2) splitting

▷ For R = Fp: MN ∈ R in O(log N) ops. in R; same for any uN with algebraic
GF ∑n unxn [B., Christol, Dumas, 2016], [B., Caruso, Christol, Dumas, 2019]

† assuming FFT-based integer and polynomial multiplication M(N)=Õ(N)
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Seq.
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FN 1 O(log N) powering N Õ(N) powering
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√

N) baby-steps / N log N Õ(N) binary
MN 1 Õ(

√
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[N]q! 1 Õ(
√

N) baby-steps / N2 Õ(N2) binary

∑N−1
n=0 qn2

1 Õ(
√

N) giant-steps N2 Õ(N2) splitting

▷ First part of this course focusses on the first two rows
▷ Second part: two middle rows
▷ Bonus: last two rows

† assuming FFT-based integer and polynomial multiplication M(N)=Õ(N)
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COMPUTING TERMS OF C-RECURSIVE SEQUENCES
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Main question

Given a sequence (un)n≥0 in a field K, and N ∈N, compute uN fast

▷ Input (un)n≥0 is assumed to be a recurrent sequence, and it is specified by
a recurrence relation and enough initial terms

▷ Efficiency is measured in terms of field operations (arithmetic complexity)

First part: input sequence is C-recursive, given by initial terms u0, . . . , ud−1
and a linear recurrence with constant coefficients (c0, . . . , cd−1) ∈ Kd

un+d = cd−1un+d−1 + · · ·+ c0un, n ≥ 0.

▷ Def. Γ(x) := xd −∑d−1
i=0 cixi is called characteristic polynomial for (un)n≥0
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Binary powering

Problem: Given a ring R, a ∈ R and N ≥ 1, compute aN

▷ Naive (iterative) algorithm: O(N) ops. in R

▷ Better algorithm (Pingala, 200 BC): O
(
log N

)
ops. in R

Compute aN recursively, using square-and-multiply

aN =

{
(aN/2)2, if N is even,
a · (a

N−1
2 )2, else.
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{
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▷ Application: modular exponentiation in R = Z/AZ:

N-th decimal of 1
A via (10N−1 mod A) in O

(
MZ(log A) log N

)
bit ops.
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Example: N-th decimal of a rational number
What is the 10106

-th decimal of A = 1
2039 ?

> N:=10^(10^6): A:=2039:
> iquo(10*(irem(10^(N-1),A)), A);

Error, numeric exception: overflow

> st:=time(): iquo(10*(‘&^‘(10,N-1) mod A), A), time()-st;

6, 0.037

▷ The following also computes the right answer. Can you see why?

> n := irem(N,A-1);
> iquo(10*(irem(10^(n-1),A)), A);

6
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Schönhage’s Golden Rules

Alin Bostan N-th term of a linear recurrent sequence



20 / 39

Fast polynomial division and modular exponentiation [Strassen, 1973]

Pb: Given F ∈ K[x]<2d and Q ∈ K[x]d compute (U, R) in Euclidean division

F = UQ + R

Naive algorithm: O(d2)

Idea: when K = R, look at F = UQ + R from infinity: U ∼+∞ F/Q

Formalization: Let D = deg(F). Then deg(U) = D− d < d, deg(R) < d and

F(1/x)xD︸ ︷︷ ︸
rev(F)

= Q(1/x)xd︸ ︷︷ ︸
rev(Q)

·U(1/x)xD−d︸ ︷︷ ︸
rev(U)

+ R(1/x)xdeg(R)︸ ︷︷ ︸
rev(R)

·xD−deg(R)

Algorithm: Complexity
1 Compute A = 1/rev(Q) mod xD−d+1 3 M(d) + O(d)
2 Compute rev(U) = rev(F) · A mod xD−d+1 M(d)
3 Recover U and deduce R = F−U ·Q M(d) + O(d)

▷ Step 1 based on formal Newton iteration; it depends only on Q (not on F)

▷ Corollary: Modular exponentiation xN mod Q in ∼ 3 M(d) log N ops. in K
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Application: fast modular exponentiation

Pb: Given P, Q ∈ K[x]<d compute PN mod Q

Naive algorithm: O(Nd2)

Better algorithm: binary powering in R=K[x]/(Q) O
(
log N

)
ops. in R

Algorithm: Complexity
1 Precompute A = 1/rev(Q) mod xd 3 M(d) + O(d)
2 Perform ⌊log N⌋ square-and-multiply modulo Q; for each V2 mod Q:

compute the square F := V2 M(d)
compute the remainder F mod Q:

Compute rev(U) = rev(F) · A mod xd M(d)
Recover U and deduce R = F−U ·Q M(d) + O(d)

▷ PN mod Q in 3 M(d) (1 + ⌊log N⌋) + O(d log N)∼ 3 M(d) log N ops. in K

▷ A bit optimistic (did not count “-and-multiply”. . . ); OK if P = x
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Schönhage’s Golden Rules
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Computing the N-th term of a C-recursive sequence

un+d = cd−1un+d−1 + · · ·+ c0un, n ≥ 0,

rewrites
uN

uN+1
...

uN+d−1


︸ ︷︷ ︸

vN

=


1

. . .
1

c0 c1 · · · cd−1


︸ ︷︷ ︸

CT


uN−1

uN
...

uN+d−2


︸ ︷︷ ︸

vN−1

= (CT)N


u0
u1
...

ud−1


︸ ︷︷ ︸

v0

, N ≥ 1.

▷ [Miller, Spencer Brown, 1966]: binary powering for (CT)N O(dθ log(N))

▷ [Fiduccia, 1985] binary powering in K[x]/(Γ), with Γ = xd −∑d−1
i=0 cixi

uN = e · vN = e · (CT)N · v0 =
(

CN · eT
)T
· v0 = ⟨xN mod Γ, v0⟩,

where e = [1 0 · · · 0]. ∼ 3 M(d) log N
▷ [B., Mori, 2020]: different ideas / algorithms ∼ 2 M(d) log N
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Example: N-th term of the Fibonacci sequence
|00003||

|00156||
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Example: N-th term of the Fibonacci sequence

Fiduccia’s algorithm (1985): binary powering in the ring K[x]/(x2 − x− 1):

Cn =

[
0 1
1 1

]n
= matrix of (xn mod x2 − x− 1)

=⇒ Fn−2 + xFn−1 = xn mod x2 − x− 1

Cost: O(log N) products in K[x]/(x2 − x− 1) −→ O(log N) ops. for FN

Explains Shortt’s algorithm (1978):

F2n−2 + xF2n−1 = (Fn−2 + xFn−1)
2 mod x2 − x− 1

implies

{
F2n−2 = F2

n−2 + F2
n−1

F2n−1 = F2
n−1 + 2Fn−1Fn−2

(F0, F1)→ (F2, F3)→ (F6, F7)→ (F14, F15)→ . . .

Cost: 3 × and 3 + per arrow
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Example: N-th term of the Fibonacci sequence

Alin Bostan N-th term of a linear recurrent sequence



27 / 39

Computing the N-th coefficient of a rational function

Duality lemma (link between C-recursive sequences and rational functions)
Let A(x) = ∑n≥0 unxn ∈ K[[x]] be the generating function of (un)n≥0.
The following assertions are equivalent:

(i) (un)n≥0 is C-recursive, having Γ as characteristic polynomial of
degree d;

(ii) A(x) is rational, of the form A = P/Q for some P ∈ K[x]<d, where
Q := revd(Γ) = Γ( 1

x )xd.

▷ The denominator of A encodes a recurrence for (un)n≥0; the numerator
encodes initial conditions.

▷ Generating function of (Fn)n≥0 given by F0 = a, F1 = b, Fn+2 = Fn+1 + Fn
is (a + (b− a)x)/(1− x− x2). Here Γ = x2 − x− 1 and P = a + (b− a)x.

▷ Corollary: N-th Taylor coeff. of P
Q ∈ K(x)d in ∼ 3 M(d) log N ops. in K
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BONUS: RECENT RESULTS
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Computing the N-th coefficient of a rational function, revisited

Pb: Given P, Q ∈ K[x] with deg(P) < deg(Q) =: d and N ∈N, compute

uN = [xN ]
P(x)
Q(x)

Idea: With U(x) := P(x)Q(−x) and V(x2) := Q(x)Q(−x),

uN = [xN ]
P(x)Q(−x)
Q(x)Q(−x)

= [xN ]
U(x)
V(x2)

.

▷ Writing U(x) = Ue(x2) + xUo(x2), we have

uN =

[xN ] Ue(x2)
V(x2)

, if N is even

[xN ] xUo(x2)
V(x2)

, else.

=

[xN/2] Ue(x)
V(x) , if N is even

[x(N−1)/2] Uo(x)
V(x) , else.

▷ Algorithm: repeat this reduction until N ≥ 1 2 M(d)⌈log(N + 1)⌉
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Algorithm 1 OneCoeff
Input: P(x), Q(x), N
Output: [xN ] P(x)

Q(x)
Assumptions: Q(0) invertible and deg(P) < deg(Q) =: d

1: while N ≥ 1 do
2: U(x)← P(x)Q(−x) ▷ U = ∑2d−1

i=0 Uixi

3: if N is even then
4: P(x)← ∑d−1

i=0 U2ixi

5: else
6: P(x)← ∑d−1

i=0 U2i+1xi

7: end if
8: A(x)← Q(x)Q(−x) ▷ A = ∑2d

i=0 Aixi

9: Q(x)← ∑d
i=0 A2ixi

10: N ← ⌊N/2⌋
11: end while
12: return P(0)/Q(0)
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Computing the N-th term of a C-recursive sequence, revisited

Pb: Given N ∈N, u0, . . . , ud−1 ∈ K, and the recurrence

un+d = cd−1un+d−1 + · · ·+ c0un, n ≥ 0,

compute uN

▷ [Fiduccia, 1985] binary powering in K[x]/(Γ), with Γ = xd −∑d−1
i=0 cixi

∼ 3 M(d) log N

▷ [B., Mori, 2020]: Use [xN ] P(x)
Q(x) and duality lemma ∼ 2 M(d) log N

▷ Appropriate choice is: Q = rev(Γ), and P such that P
Q = ∑d−1

i=0 uixi mod xd
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Algorithm 2 OneTerm
Input: rec. un+d = cd−1un+d−1 + · · ·+ c0un, (n ≥ 0), and u0, . . . , ud−1, N
Output: uN
Assumptions: Γ(x) = xd −∑d−1

i=0 cixi with c0 ̸= 0

1: Q(x)← xdΓ(1/x)
2: P(x)← (u0 + · · ·+ ud−1xd−1) ·Q(x) mod xd

3: return [xN ]P(x)/Q(x) ▷ using Algorithm 1

▷ Advantage: faster than Fiduccia’s algorithm

▷ in FFT-mode, ∼ 2
3 M(d) log N versus ∼ 5

3 M(d) log N [Shoup, NTL, 1995]
and ∼ 13

12 M(d) log N [Mihăilescu, 2008]

▷ Drawback: computes a single uN , while Fiduccia computes a whole slice
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Application: new algorithm for the Fibonacci numbers

F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn, n ≥ 0.

▷ Generating function ∑n≥0 Fnxn is x/(1− x− x2).

▷ Thus, the coefficient FN = [xN ] x
1−x−x2 is equal to

[xN ]
x(1 + x− x2)

1− 3x2 + x4 =

{
[x

N
2 ] x

1−3x+x2 , if N is even,

[x
N−1

2 ] 1−x
1−3x+x2 , else.

▷ The computation of FN is reduced to that of a coefficient of the form

[xN ]
a + bx

1− cx + x2 = [xN ]
(a + bx)(1 + cx + x2)

1− (c2 − 2)x2 + x4

which is equal to [x
N
2 ] a+(bc+a)x

1−(c2−2)x+x2 , if N is even,

[x
N−1

2 ] (ac+b)+bx
1−(c2−2)x+x2 , else.
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Algorithm 3 NewFibo
Input: N
Output: FN
Assumptions: N ≥ 2

1: c← 3
2: if N is even then
3: [a, b]← [0, 1]
4: else
5: [a, b]← [1,−1]
6: end if
7: N ← ⌊N/2⌋
8: while N > 1 do
9: if N is even then

10: b← a + b · c
11: else
12: a← b + a · c
13: end if
14: c← c2 − 2
15: N ← ⌊N/2⌋
16: end while
17: return b + a · c
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Computation of F43 = 433 494 437 using the new algorithm

N a b c
21 1 −1 3
10 1× 3− 1 = 2 32 − 2 = 7
5 (−1)× 7 + 2 = −5 72 − 2 = 47
2 2× 47− 5 = 89 472 − 2 = 2207
1 (−5)× 2207 + 89 22072 − 2 = 4870847

= −10946
0 89× 4870847− 10946

= 433494437
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Algorithm 4 NewFiboPowerOfTwo
Input: N
Output: FN
Assumptions: N ≥ 2 and N is a power of 2

1: [b, c]← [1, 3]
2: N ← ⌊N/2⌋
3: while N > 2 do
4: b← b · c
5: c← c2 − 2
6: N ← ⌊N/2⌋
7: end while
8: return b · c

▷ This is exactly [Cull, Holloway, 1989, Fig. 6], also [Knuth, 1969]
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Example: N-th term of the Fibonacci sequence
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Schönhage’s Golden Rules
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