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Faster Matrix Multiplication via Asymmetric Hashing

Ran Duan * Hongxun Wu Renfei Zhou *
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October 20, 2022

Abstract

Fast matrix multiplication is one of the most fundamental problems in algorithm research. The expo-
nent of the optimal time complexity of matrix multiplication is usually denoted by w. This paper discusses
new ideas for improving the laser method for fast matrix multiplication. We observe that the analysis of
higher powers of the Coppersmith-Winograd tensor [Coppersmith & Winograd 1990] incurs a “combi-
nation loss”, and we partially compensate it by using an asymmetric version of CW’s hashing method.
By analyzing the 8th power of the CW tensor, we give a new bound of w < 2.37188, which improves the
previous best bound of w < 2.37286 [Alman & V.Williams 2020]. Our result breaks the lower bound
of 2.3725 in [Ambainis et al. 2014] because of the new method for analyzing component (constituent)
tensors.

> Improves previous best upper bound w < 2.37286 to w < 2.37188.
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Prove the identity
) k! X2k+2

arcsin(x)” = kg (1) (k+3) %+2

by performing the following steps:

@ Show that y = arcsin(x) can be represented by the differential equation
(1—x?)y" — xy’ = 0 and the initial conditions y(0) = 0, y(0) = 1.

@ Compute a linear differential equation satisfied by z(x) = y(x)?.

@ Deduce a linear recurrence relation satisfied by the coefficients of z(x).

@ Conclude.
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The starting point is the identity
1
V1—x2

which allows to represent arcsin(x) by the differential equation

(arcsin(x)) =

(1-)y" —xy' =0
together with the initial conditions
1

y(0) = arcsin(0) =0, y'(0) = — = 1.
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Let z = y2, with ¥’ = 25/,
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Let z = y2, with ¥/ = 5. By successive differentiations, we get
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> z,2/,2" 2" are Q(x)-linear comb. of y2, yy/, y'2, thus Q(x)-dependent
> A dependence relation is determined by computing the kernel of

10 O 0
2
M=|0 2 % xz + ( x2)2
00 2 1—x2

> The kernel of M is generated by [0, 1, 3x, x> —1]T
> The corresponding differential equation is

(x> —=1)2" +3x7" +2 =0.
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Let z = 2, with y”’ = 5/,
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=zY'. By successive differentiations, we get
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X

Let z = y?, with y”/ = y'. By successive differentiations, we get

1—x2
7 =2yy,
" _ 22 Loy = 2y 2x I — o2 /
zZ0 =2y +2yy =2y +1—x2yy_ Y +1_x221
1 2 x2
" _ 4" X " /
Z vy —i_l_x2Z + 1_x2+(1_x2)2 z
A X x2+1 ,
Rt @172

. 2%x n" X / X " x24+1 /
=1 (z 1—x22 +1—x22 +(x271)22'
> The corresponding differential equation is
(x> =1)2" +3x2" +2 =0.
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> Write z(x) = Y, ayx". Then:

Z =) (n+1)a,1x",

n

2" =) (n+1)(n+2)ay 2",

"
2" =) (n+1)(n+2)(n+3)a,3x".
n
& The coefficient of x" in (x> — 1)z + 3xz" + 7' is
(n=Dn(n+1ay — (n+1)(n+2)(n+3)ay3+3n(n+ a1+ (n+1)ay
& Thus, the recurrence corresponding to (x> — 1)z +3xz" +2z' =0 is
(n+1)(n+2)(n+3)anys = (n+1)3a,,1.
> Since (1 + 1) has no roots in N, it further simplifies to

(n+2)(n+3)ans — (n+1)%a,,1 = 0.



>z =1Y,anx" satisfies

(n+2)(n+3)ans — (n+1)%a,,1 = 0.

> Initial conditions:

a9 = 2(0) = y(0)*> = 0, a1 = 2/(0) = 2y(0)y'(0) =0, @y = %Z"(O) =/ (0?=1

> Recurrence and a; = 0 imply ag;,1 = 0, so the series is even.
> Let by = apyo. Then z(x) = Yy beax®*+2 and

(2k +1)(2k +2)b; = 4k%b_q, by =1

> Thus, the sequence (by )y is hypergeometric and

k1?

K2 !
k+D)I(2k+1)(2k—1)---3

R — ... —n0k
B TESIR 2

by
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>z =Y, a,x" satisfies

(n+2)(n+3)ay3 — (n+1)%a,4 = 0.

> Initial conditions:

2 = 2(0) = y(0) = 0, a1 = #(0) = 29(0)y/(0) = 0, a2 = 22"(0) = y' (0 =1.

> Recurrence and a; = 0 imply a1 = 0, so the series is even.
> Let by = app.p. Then z(x) = Y bkx2k+2 and

(2k +1)(2k +2)b = 4k%bp_1, by =1

> Thus, the sequence (by )y is hypergeometric and

B k! B k! 1 0
k+1)-k+ D=L 3 k+DHk-1).- - 12k+2

by
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COMPUTING TERMS OF RECURRENT SEQUENCES
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Given a sequence (Un)y>0 in a ring R, and N € IN, compute uy fast

> Input (uy),>0 is assumed to be a recurrent sequence, and it is specified by
a recurrence relation and enough initial terms

> Efficiency is measured in terms of ring operations, or of bit operations
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Given a sequence (i) y>0 in a ring R, and N € IN, compute uy fast

> Input (uy),>0 is assumed to be a recurrent sequence, and it is specified by
a recurrence relation and enough initial terms

> Efficiency is measured in terms of ring operations, or of bit operations

Two variants:

Given (un)n in RN and (Ny,...,N;) €IN®, compute (uy, . .., un,) fast
and

Given (uy)n in ZN and (N;)5_, € IN®, compute (un, mod Ny)j_, fast

10 /39
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Given a sequence (Un)y>0 in a ring R, and N € IN, compute uy fast
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Given a sequence (Un)y>0 in a ring R, and N € IN, compute uy fast

e geometric: u, = g",
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Given a sequence (Un)y>0 in a ring R, and N € IN, compute uy fast
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Motzkin: u, 1 = 2;‘;"_,? TS n3—f3 Uy withug =u; =1

C-recursive
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Given a sequence (Un)y>0 in a ring R, and N € IN, compute uy fast

eometric: u, = g", i.e., u =g-u, withug=1 .
g n q 7 7 Un+1 q n 0 C_recur51ve

Fibonacci: uy4p = U1 +uy withug =uy =1

factorial: u, = nl, ie., uy 1 = (M+1) - uy with ug =1 P-recursive
L _ 2n+43 3 . o i
Motzkin: w1 = 282 - uy + 2wy, with ug = ug =1 (holonomic)

g-factorial: uy = [n]gl == (1+4q)--(1+q+-- +4"1),
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Given a sequence (iy)y>0 in a ring R, and N € IN, compute uy fast

e ceometric: u, = g",ie., u =qg-uywithuyg=1 .
g n a-, 7 Un+1 q n 0 C-recursive

Fibonacci: uy4p = U1 +uy withug =uy =1

e factorial: uy = nl, ie, uyy1 = (n+1) u, withuy =1 P-recursive
e Motzkin: u, 1 = zrf‘f_,f’ “Uy + nS—J:’:,; “Uy_g withug =uq =1 (holonomic)
e g-factorial: up = [n]g!:= (1+¢q)---(14+g+---+ "),

ie,upyr =1+qg+---+4")  uy, withug =1 g-holonomic

_ 2 _ .
Z:(} g g —un = g2 Ny — up 1) with ug=0,u; =1

Gobel: uy4q =2 (1+ud+u2+ - +u2 ;) withug =1
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Exa

Given a sequence (iy)y>0 in a ring R, and N € IN, compute uy fast

e ceometric: u, = g",ie., u =qg-uywithuyg=1 .
g n a-, 7 Un+1 q n 0 C-recursive

Fibonacci: uy4p = U1 +uy withug =uy =1

e factorial: uy = nl, ie, uyy1 = (n+1) u, withuy =1 P-recursive
e Motzkin: u, 1 = zrf‘f_,f’ “Uy + nS—J:’:,; “Uy_g withug =uq =1 (holonomic)

g-factorial: uy = [n]g!:= (1+q)---(14+q+- - +4"1),
ie,upyr =1+qg+---+4")  uy, withug =1 g-holonomic

_ 2 _ .
Z:(} g g —un = g2 Ny — up 1) with ug=0,u; =1

Gobel: uy4q =2 (1+ud+u2+ - +u2 ;) withug =1

Unta-Uni1+Ung3-Unio

0 withug=---=uy =1

® Somos: Uyy5 =

11/39
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Exa

e geometric: uy = q", i€, uy11 = q-uy withug =1

Fibonacci: uy4p = U1 +uy withug =uy =1

2n+43
n+3

Motzkin: u,41 =

factorial: u, = nl, ie., uy 1 = (M+1) - uy with ug =1
'un+n3—ﬁ~un_1 withug =u; =1

g-factorial: uy = [n]g!:= (1+q)---(14+q+- - +4"1),

ie,up1=Q4+qg+---+4g") u, withuy =1

_ 2 _ .
Z:(} g g —un = g2 Ny — up 1) with ug=0,u; =1

Unta-Uni1+Ung3-Unio

® Somos: Uyy5 = 0

Gobel: uy4q =2 (1+ud+u2+ - +u2 ;) withug =1

withug=---=uy =1

N-th term of a linear recurrent sequence

Given a sequence (iy)y>0 in a ring R, and N € IN, compute uy fast

C-recursive

P-recursive
(holonomic)

g-holonomic

non-linear
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Examp

Given a sequence (iy)y>0 in a ring R, and N € IN, compute uy fast

e geometric: uy = q", i€, uy11 = q-uy withug =1

Fibonacci: uy4p = U1 +uy withug =uy =1

n+3

factorial: u, = nl, ie., uy 1 = (M+1) - uy with ug =1
. 2 3 . g
Motzkin: u, 1 = 555 - un + 745 - Up—1 Withug =uy =1

g-factorial: uy = [n]g!:= (1+q)---(14+q+- - +4"1),

ie,up1=Q4+qg+---+4g") u, withuy =1

-1 k2 _ 2n-1
Z:oq‘un—t-l_”n_qn (u

n—Uy_1) with ug=0,u;=1

Unta-Uni1+Ung3-Unio

® Somos: Uyy5 = 0

Gobel: uy4q =2 (1+ud+u2+ - +u2 ;) withug =1

withug=---=uy =1

Katz: u, 41 = %C" — M- uy with M € M, (FFy(x)), up = I

N-th term of a linear recurrent sequence

C-recursive

P-recursive
(holonomic)

g-holonomic

non-linear
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Example

Given a sequence (iy)y>0 in a ring R, and N € IN, compute uy fast

e geometric: uy = q", i€, uy11 = q-uy withug =1

Fibonacci: uy4p = U1 +uy withug =uy =1

2n+43

factorial: u, = n!,ie., uy1 1 = (n+1) - uy withug =1
S, _ 3 : _ _
Motzkin: u, 1 = 555 - un + 745 - Up—1 Withug =uy =1

g-factorial: uy = [n]g!:= (1+q)---(14+q+- - +4"1),

ie,up1=Q4+qg+---+4g") u, withuy =1

-1 k2 _ 2n-1
Z:oq‘un—t-l_un_qn (u

n—Uy_1) with ug=0,u;=1

Unta-Uni1+Ung3-Unio

® Somos: Uyy5 = 0

Gobel: uy4q =2 (1+ud+u2+ - +u2 ;) withug =1

withug=---=uy =1

Katz: u, 41 = %C" — M- uy with M € M, (FFy(x)), up = I

N-th term of a linear recurrent sequence

C-recursive

P-recursive
(holonomic)

g-holonomic

non-linear

p-curvature
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N! 1 O(N) | iterative || NlogN | O(N?) | iterative
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Term size cost size cost
gN 1 |O(logN) binary N O(N) | binary
powering powering

* assuming FFT-based integer and polynomial multiplication M(N)=0O(N)
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Seq. Aljith. Arith. Method ]?it Bit Method
Term size cost size cost
gN 1 |O(logN) binary N O(N) | binary
Fn 1 O(logN)| powering N O(N) | powering
N! 1 O(V/N) | baby-steps / || NlogN| O(N) binary
Mn 1 O(V/N) | giant-steps [[NlogN| O(N) | splitting
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YN g 1 O(VN) giant-steps N? O(N?) | splitting

* assuming FFT-based integer and polynomial multiplication M(N)=0O(N)
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Overview: best alg

Seq. Aljith. Arith. Method ]?it Bit Method
Term size cost size cost
gN 1 |O(logN) binary N O(N) | binary
Fn 1 O(logN)| powering N O(N) | powering
N! 1 O(V/N) | baby-steps / || NlogN| O(N) binary
Mn 1 O(V/N) | giant-steps [[NlogN| O(N) | splitting
[N]g! 1 O(V/N) | baby-steps / N2 | O(N?) | binary
YN g 1 O(VN) giant-steps N? O(N?) | splitting

> For R = F,: My € R in O(log N) ops. in R; same for any uy with algebraic
GF Y, uyx™ [B., Christol, Dumas, 2016], [B., Caruso, Christol, Dumas, 2019]

* assuming FFT-based integer and polynomial multiplication M(N)=0O(N)
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Overview: best alg

Seq. Aljith. Arith Method ]?it Bit Method
Term size cost size cost
gN 1 |O(logN) binary N O(N) | binary
Fn 1 O(logN)| powering N O(N) | powering
N! 1 O(V/N) | baby-steps / || NlogN| O(N) binary
Mn 1 O(V/N) | giant-steps [[NlogN| O(N) | splitting
[N]g! 1 O(V/N) | baby-steps / N2 | O(N?) | binary
YN g 1 O(VN) giant-steps N? O(N?) | splitting

> First part of this course focusses on the first two rows
> Second part: two middle rows
> Bonus: last two rows

* assuming FFT-based integer and polynomial multiplication M(N)=0O(N)

N-th term of a linear recurrent sequence
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COMPUTING TERMS OF C-RECURSIVE SEQUENCES
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Maimgueston

Given a sequence (ity)y>0 in a field K, and N € IN, compute uy fast

> Input (u,),>0 is assumed to be a recurrent sequence, and it is specified by
a recurrence relation and enough initial terms

> Efficiency is measured in terms of field operations (arithmetic complexity)

First part: input sequence is C-recursive, given by initial terms ug,...,u 1
and a linear recurrence with constant coefficients (cg,...,c4_1) € K4

Upid = Cg—1Uytd—1+ -+ coity, 120
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Main

Given a sequence (ity)y>0 in a field K, and N € IN, compute uy fast

> Input (u,),>0 is assumed to be a recurrent sequence, and it is specified by
a recurrence relation and enough initial terms

> Efficiency is measured in terms of field operations (arithmetic complexity)

First part: input sequence is C-recursive, given by initial terms ug,...,u 1
and a linear recurrence with constant coefficients (cg,...,c4_1) € K4

Upyig = Cq_qUpyg—1+ -+ Colpn, n > 0.

> Def. T'(x) := x4 — Z;.iz_ol c;x' is called characteristic polynomial for (1y),>0

16 /39
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Compute aV recursively, using square-and-multiply

N (aN/2)2, if N is even,
a = N-1
a-(a 7 )%, else.
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Problem: Given aring R, 2 € R and N > 1, compute alN
> Naive (iterative) algorithm: O(N) ops. in R

> Better algorithm (Pingala, 200 BC): O(log N ) ops. in R
Compute aN recursively, using square-and-multiply

N (aN/2)2, if N is even,
a = N-1yo
a-(a 7 )%, else

> Application: modular exponentiation in R=M;(K):
© if M € My(K), then MN in O(dlog N) ops. in K
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Problem: Given aring R, 2 € R and N > 1, compute alN
> Naive (iterative) algorithm: O(N) ops. in R

> Better algorithm (Pingala, 200 BC): O(log N ) ops. in R
Compute aV recursively, using square-and-multiply

N (uN/Z)Z, if N is even,
a = N-1
a-(a 7 )%, else.

> Application: modular exponentiation in R = Z/AZ.:
© N-th decimal of X via (10N~ mod A) in O(Mz(log A) log N) bit ops.
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What is the 1010I-th decimal of A = WL?
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What is the 1017 -th decimal of A = yj55?

> N:=10"(1076) : A:=2039:
> iquo(10* (irem(107(N-1),A)), A);
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Example:

What is the 1017 -th decimal of A = yj55?

> N:=10"(1076) : A:=2039:
> iquo(10*(irem(10~(N-1),A)), A);

Error, numeric exception: overflow

> st:=time(): iquo(10*(‘&~‘(10,N-1) mod A), A), time()-st;
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Example:

What is the 1017 -th decimal of A = yj55?

> N:=10"(1076) : A:=2039:
> iquo(10*(irem(10~(N-1),A)), A);

Error, numeric exception: overflow

> st:=time(): iquo(10*(‘&~‘(10,N-1) mod A), A), time()-st;

6, 0.037
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Example: N-th decimal of a
What is the 10'""-th decimal of A = 201@?

> N:=10"(1076) : A:=2039:
> iquo(10*(irem(10~(N-1),A)), A);

Error, numeric exception: overflow

> st:=time(): iquo(10*(‘&~‘(10,N-1) mod A), A), time()-st;

6, 0.037

> The following also computes the right answer. Can you see why?

>n := irem(N,A-1);
> iquo(10*(irem(10~(n-1),A)), A);

6
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RULE 1: Do care about the size of @ !
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Pb: Given F € K[x] 5 and Q € K[x]; compute (U, R) in Euclidean division
F=UQ+R
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Pb: Given F € K[x] 5 and Q € K[x]; compute (U, R) in Euclidean division
F=UQ+R
Naive algorithm: 0(d?)
Idea: when K = IR, look at F = UQ + R from infinity: U ~4e F/Q
Formalization: Let D = deg(F). Then deg(U) = D —d < d, deg(R) < d and
F(1/x)xP = Q(1/x)x% - U(1/x)xP~? + R(1/x)xe8(R) .xD—deg(R)
—— Y

rev(F) rev(Q) rev(U) rev(R)
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Fast polynomial di

Pb: Given F € K[x] 4 and Q € K[x]; compute (U, R) in Euclidean division

F=UQ+R

Naive algorithm: O(d?)
Idea: when K = R, look at F = UQ + R from infinity: U ~4e F/Q
Formalization: Let D = deg(F). Then deg(U) = D —d < d, deg(R) < d and

F(1/x)xP = Q(1/x)x% - U(1/x)xP~? + R(1/x)xe8(R) .xD—deg(R)
—_—  ——

rev(F) rev(Q) rev(U) rev(R)

Algorithm: Complexity
® Compute A = 1/rev(Q) mod xP—+1 3M(d) + O(d)
@ Compute rev(U) = rev(F) - A mod xP~4+1 M(d)
@ Recover U and deduce R=F—-U-Q M(d) + O(d)
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Fast polynomial division

Pb: Given F € K[x] 4 and Q € K[x]; compute (U, R) in Euclidean division

F=UQ+R

Naive algorithm: O(d?)
Idea: when K = IR, look at F = UQ + R from infinity: U ~4e F/Q
Formalization: Let D = deg(F). Then deg(U) = D —d < d, deg(R) < d and

F(1/x)xP = Q(1/x)x% - U(1/x)xP~? + R(1/x)xe8(R) .xD—deg(R)
—_—  ——

rev(F) rev(Q) rev(U) rev(R)

Algorithm: Complexity
® Compute A = 1/rev(Q) mod xP—+1 3M(d) +O(d)
@ Compute rev(U) = rev(F) - A mod xP~4+1 M(d)
@ Recover U and deduce R=F—-U-Q M(d) +O(d)

> Step 1 based on formal Newton iteration; it depends only on Q (not on F)
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Fast polynomial division an

Pb: Given F € K[x] 4 and Q € K[x]; compute (U, R) in Euclidean division

F=UQ+R

Naive algorithm: O(d?)
Idea: when K = IR, look at F = UQ + R from infinity: U ~4e F/Q
Formalization: Let D = deg(F). Then deg(U) = D —d < d, deg(R) < d and

F(1/x)xP = Q(1/x)x% - U(1/x)xP~? + R(1/x)xe8(R) .xD—deg(R)
—_—  ——

rev(F) rev(Q) rev(U) rev(R)

Algorithm: Complexity
® Compute A = 1/rev(Q) mod xP—+1 3M(d) +O(d)
@ Compute rev(U) = rev(F) - A mod xP~4+1 M(d)
@ Recover U and deduce R=F—-U-Q M(d) + O(d)

> Step 1 based on formal Newton iteration; it depends only on Q (not on F)

& Corollary: Modular exponentiation x¥ mod Q in  ~3M(d)log N ops. in K
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Pb: Given P, Q € K[x].4 compute PN mod Q
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Naive algorithm: O(Nd?)

Better algorithm: binary powering in R=K[x]/(Q) O(log N ) ops. in R
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Applic

Pb: Given P, Q € K[x].4 compute PN mod Q
Naive algorithm: O(Nd?)

Better algorithm: binary powering in R=1K[x]/(Q) O(log N ) ops. in R

Algorithm: Complexity
® Precompute A = 1/rev(Q) mod x¢ 3M(d) 4+ O(d)
@ Perform |log N | square-and-multiply modulo Q; for each V2 mod Q:

© compute the square F := V? M(d)

© compute the remainder F mod Q:

© Compute rev(U) =rev(F)- A mod x? M(d)
© Recover U and deduce R=F—-U-Q M(d) 4 O(d)
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Applicati

Pb: Given P, Q € K[x].4 compute PN mod Q

Naive algorithm: O(Nd?)
Better algorithm: binary powering in R=1K[x]/(Q) O(log N ) ops. in R
Algorithm: Complexity
® Precompute A = 1/rev(Q) mod x¢ 3M(d) 4+ O(d)

@ Perform |log N | square-and-multiply modulo Q; for each V2 mod Q:
© compute the square F := V? M(d)

© compute the remainder F mod Q:

© Compute rev(U) =rev(F)- A mod x? M(d)
© Recover U and deduce R=F—-U-Q M(d) 4 O(d)

> PN mod Qin 3M(d) (1+ [logN|)+O(dlogN) ~3M(d)log N ops. in K
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Application:

Pb: Given P, Q € K[x].4 compute PN mod Q

Naive algorithm: O(Nd?)
Better algorithm: binary powering in R=1K[x]/(Q) O(log N ) ops. in R
Algorithm: Complexity
® Precompute A = 1/rev(Q) mod x¢ 3M(d) 4+ O(d)

@ Perform |log N | square-and-multiply modulo Q; for each V2 mod Q:
© compute the square F := V? M(d)

© compute the remainder F mod Q:

© Compute rev(U) =rev(F)- A mod x? M(d)
© Recover U and deduce R=F—-U-Q M(d) 4 O(d)

> PN mod Qin 3M(d) (1+ [logN|)+O(dlogN) ~3M(d)log N ops. in K

> A bit optimistic (did not count “-and-multiply”...); OKif P = x
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RULE 2: Do not waste a factor of two !
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. >0,
Upyd = Cd—1Uptd—1 1 -+ Colin, n>
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Upig =Cg-1Uprg—1+ -+ +cotp, 120,

rewrites
un 1 UN_1 ug
u un uy
M| | |, N>L
: 1 :
UN+d— 0 Cd-1] LUN+d—2 Ug—1
Ji—,d_lz ——— N——
UN CcT ON-1 [
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Upyd = Cd—1Uptd—1 1 -+ Colin, n>0,

rewrites
uN 1 UN-—1 i
u . un Uuq
M| - Jol=@N| U], N>L
: 1 : :
u - c €1 - Cg—1] LUN4d—2 Ug—
Ji—,d_lz ——— N——
UN CcT UN-1 Vo

& [Miller, Spencer Brown, 1966]: binary powering for (CT)N  O(d%log(N))
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Com

Upig =Cg-1Uprg—1+ -+ +cotp, 120,

rewrites
uN 1 UN-_-1 Ug
UN+1 . UnN U
. = : . =@EcHN| |, N=1L
: 1 : :
UN+d—1 co €1 - Cd—1] LUN4d—2 Uj—1
N~— ~——
UN CcT UN-1 o

> [Miller, Spencer Brown, 1966]: binary powering for (CT)N O(de log( )
> [Fiduccia, 1985] binary powering in K[x]/(T), with T = x — ):l o cix!

T
uy=e-oy =e- (CTH)N.gg = (CN-eT> -9 = (xN mod T, vp),

wheree=1[1 0 --- 0]. ~ 3M(d)log N

I 1 c:m of » iess recureont sequence



Upid = C4—1Uptd—1 + - +cotn, 120,

rewrites
uN 1 UN-_-1 Ug
UN+1 . UnN U
. = : . =@EcHN| |, N=1L
: 1 : .
UN+d—1 co €1 - Cd—1] LUN4d—2 Uj—1
S—— ——
UN CcT UN-1 o

> [Miller, Spencer Brown, 1966]: binary powering for (CT)N O(de log( )
> [Fiduccia, 1985] binary powering in K[x]/(T), with T = x — ):l o cix!

T
uy=e-oy =e- (CTH)N.gg = (CN-eT> -9 = (xN mod T, vp),

wheree=1[1 0 --- 0]. ~ 3M(d)log N
> [B., Mori, 2020]: different ideas / algorithms ~2M(d)logN

' AinBostan  N-th term of a linear recurrent sequence



Example: N-

L’INTERMEDIAIRE

MATHEMATICIENS
Lk | o

ANCIENS ELEVES DE L'ECOLE POLYTECHNIQUE.

TOME VL. — 1899.

Fe%

PARIS,
GAUTHIER-VILLARS, IMPRIMEUR-LIBRAIRE
DU BUREAU DES LONGITUDES, DE L'ECOLE POLYTECHNIQUE,
55, Quai des Grands-Augustins, 55.
1899

(Tous arolts réservés)

— 148 —

Je serais également heureux d’avoir des renscignements
bibliographiques (postéricurs a Delambre) sur les études
scientifigues consacrées aux cadrans verticaux dans anti-
quité. Pavr, Taxweny.

1539. [H4b] _Il peat arriver qu'une équation différen-
tielle admette une intégrale particuliére imaginaire. La con-
naissance de celle-ci peut-elle étre de quelque utilité pour
Pintégration de Péquation donnée? H. Brocano.

1540. [I12b] & éant un nombre composé, quelles sont
les valeurs de & qui rendent le produit 1.2.3...(b —1) non
divisible par 42 Rocouionv.
BH. [125a] Quelest le procédé le plus expéditil po
caleuler un terme trés éloigné dans la série de Fibonacei :

o, 1, 1, 2, 3, 5 8 ..°?
G. ve Rocoute:

1342. [E1a] Est-il exact, et dans ce cas comment
pourrait-on le démontrer, que :
1° Liexpression

() = ne-t— If(n_.)r—!-»’(‘l’—;”(n—z)s—-—.“,

oi n désigne un entier et z une quantité positive quelconque,
tend vers 2éro en méme temps que n vers linfini;

2 La loi de décroissance des quantités @, () est asser
rapide pour que la série

B (2) + Ba(2) + By(2) o (@)

soit convergente;

30 La somme de cette série a pour limite la fonction I'()?

Tout cela étant, la fonction eulérienne de deuxiéme
T'(1-+ ) se présenterait comme la limite de Pexpression

e Ty W=D (e

E.-A. Majol.
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Fiduccia's algorithm (1985): binary powering in the ring K[x]/ (x> — x — 1):

. [0 11" . " 2
c" = 11 = matrix of (x" mod x* —x—1)
= F,o+xF,_1= x"modx’—x—1

Cost: O(log N) products in K[x]/ (x> — x — 1) — O(log N) ops. for Fy

25 /39



Fiduccia's algorithm (1985): binary powering in the ring K[x]/ (x> — x — 1):

c" = [(1) ﬂn = matrixof (x" mod x? —x —1)
= F,o+xF,_1= x"modx’—x—1

Cost: O(log N) products in K[x]/ (x> — x — 1) — O(log N) ops. for Fy

Explains Shortt's algorithm (1978):

Byo+xFy 1 = (F2+ xPn,1)2 mod x%> —x —1
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Fiduccia's algorithm (1985): binary powering in the ring K[x]/(x* — x — 1):

c" = [(1) ﬂn = matrixof (x" mod x? —x —1)
— F,0+xF_1= x"modx’—x—1

Cost: O(log N) products in K[x]/ (x> — x — 1) — O(log N) ops. for Fy

Explains Shortt's algorithm (1978):

By o+4+xFy, 1= (Fn_2 + an,1)2 mod x%> —x —1

By =F ,+F

implies 5
By = Fn_1 +2F, 1F2

(Fo, i) = (F2, F3) = (Fs, F7) = (Fua, Fi5) — ...

Cost: 3 x and 3 + per arrow
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Duality lemma (link between C-recursive sequences and rational functions)
Let A(x) = ¥,>0 unx" € K[[x]] be the generating function of (uy),>0.
The following assertions are equivalent:
(@) (un)y>0 is C-recursive, having I as characteristic polynomial of
degree d;
(i) A(x) is rational, of the form A = P/Q for some P € K[x] .4, where
Q:=revy(T) = I’(%)xd.
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Computing the

Duality lemma (link between C-recursive sequences and rational functions)
Let A(x) = ¥,>0 unx" € K[[x]] be the generating function of (uy),>0.
The following assertions are equivalent:
(@) (un)y>0 is C-recursive, having I as characteristic polynomial of
degree d;
(i) A(x) is rational, of the form A = P/Q for some P € K[x] .4, where
Q:=revy(T) = I’(%)xd.

> The denominator of A encodes a recurrence for (u,),>0; the numerator
encodes initial conditions.
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Computing the N-th

Duality lemma (link between C-recursive sequences and rational functions)
Let A(x) = ¥,>0 unx" € K[[x]] be the generating function of (uy),>0.
The following assertions are equivalent:

(@) (un)y>0 is C-recursive, having I as characteristic polynomial of
degree d;

(i) A(x) is rational, of the form A = P/Q for some P € K[x] .4, where
Q:=revy(T) = I’(%)xd.

> The denominator of A encodes a recurrence for (u,),>0; the numerator
encodes initial conditions.

> Generating function of (F,),> givenby Fy =a,F} =b,F,.p = F,11 + F,
is(a+(b—a)x)/(1—x—x?). HereT =x*—~x—1and P=a+ (b—a)x.

' AinBostan  N-thterm of a linear recurrent sequence



Computing the N-th coe

Duality lemma (link between C-recursive sequences and rational functions)
Let A(x) = ¥,>0 unx" € K[[x]] be the generating function of (uy),>0.
The following assertions are equivalent:

(@) (un)y>0 is C-recursive, having I as characteristic polynomial of
degree d;

(i) A(x) is rational, of the form A = P/Q for some P € K[x]_4, where
Q:=rey(l) = I’(%)xd.

> The denominator of A encodes a recurrence for (u,),>0; the numerator
encodes initial conditions.

> Generating function of (F,),> givenby Fy =a,F} =b,F,.p = F,11 + F,
is(a+(b—a)x)/(1—x—x%). HereT =x> —x—1land P =a+ (b —a)x.

> Corollary: N-th Taylor coeff. of §; € K(x)4in ~ 3M(d)log N ops. in K
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BONUS: RECENT RESULTS
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Pb: Given P, Q € K]x] with deg(P) < deg(Q) =:d and N € IN, compute

N] M
Qx)

un = [x
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Pb: Given P, Q € K]x] with deg(P) < deg(Q) =:d and N € IN, compute

uy = [xN] %

Idea: With U(x) := P(x)Q(—x) and V(x?) := Q(x)Q(—x),
L PWOEY) oy UG

uN = — o~ % V(xz)'

Qx)Q(—x)




~ Computinthe N-h coefcient o a rationalfunctio,revisited

Pb: Given P, Q € K]x] with deg(P) < deg(Q) =:d and N € IN, compute

uy = [xN] %

Idea: With U(x) := P(x)Q(—x) and V(x?) := Q(x)Q(—x),
L PWOEY) oy UG

uN = — o~ % V(xz)'

Q(x)Q(—x)

&> Writing U (x) = Ue(x?) + xUo(x2), we have

%4
2
[xN ] xgoix )

_ {[xN/z] L‘%%T)' if N is even

xN Ue(xz), if N is even
Uy = 7] ()
, else.

[x(Nfl)/z] 7—%’(;) , else.
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Pb: Given P, Q € K]x] with deg(P) < deg(Q) =:d and N € IN, compute

uy = [xN] %

Idea: With U(x) := P(x)Q(—x) and V(x?) := Q(x)Q(—x),
L PWOEY) oy UG

uN = — o~ % V(xz)'

Q(x)Q(—x)

&> Writing U (x) = Ue(x?) + xUo(x2), we have

V(x
[xN] xU, (x2)
V({x2)
[xN/2) L‘%%T)' if N is even
a [x(Nfl)/z] 7—%’(;)/ else.

xN Ue(xz), if N is even
iy = {[ I Ve

else.

> Algorithm: repeat this reduction until N > 1 2M(d)[log(N +1)]
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Algorithm 1 OneCoeff
Input: P(x), Q(x), N
Output: [xV] g((fc))
Assumptions: Q(0) invertible and deg(P) < deg(Q) =:d
1: while N > 1 do
2 U(x) + P(x)Q(—x) =YX U
if N is even then .
P(x) « T Uy
else A
P(x) ¢« L) Waiax'
end if
A(x) + Q(x)Q(~x) > A=Y, A
Q(x) + T Az’
10: N+ [N/2]
11: end while
12: return P(0)/Q(0)
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Pb: Given N € N, uy, ..., u;_1 € K, and the recurrence
Upid = Cq—1Upiq—1 + -+ Colln, n=>0,

compute uy
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Pb: Given N € N, uy, ..., u;_1 € K, and the recurrence
Upid = Cq—1Upiq—1 + -+ Colln, n=>0,

compute uy

> [Fiduccia, 1985] binary powering in K[x]/(T), with T = x% — Z?;OI cix!
~ 3M(d)log N
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Pb: Given N € N, uy, ..., u;_1 € K, and the recurrence
Uptd = Cg—1Uptd—1+ -+ +cotn, 120,
compute uy

> [Fiduccia, 1985] binary powering in K[x]/(T), with T = x% — Z?;OI cix!
~ 3M(d)log N

X

> [B., Mori, 2020]: Use [xN] g(;% and duality lemma ~2M(d)log N
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Com

Pb: Given N € N, uy, ..., u;_1 € K, and the recurrence
Upid = Cq—1Upiq—1 + -+ Colln, n=>0,

compute uy

> [Fiduccia, 1985] binary powering in K[x]/(T), with T = x% — Z;tol cix!

~ 3M(d)log N
> [B., Mori, 2020]: Use [xN] g—(é% and duality lemma ~2M(d)log N

> Appropriate choice is: Q = rev(I'), and P such that 5 = Zf:_(]l u;x! mod x*

31/39
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Algorithm 2 OneTerm
Input: rec. u,. 4 =c4 1Uyrg 1+ - +coun, (n>0),and ug,...,uy 1, N
Output: uy

Assumptions: I'(x) = x¥ — Z‘ltol cix! with ¢y # 0
1 Q(x) «+ xT(1/x)
2 P(x) « (ug+---+ug_1x1) - Q(x) mod x*
3: return [xN]P(x)/Q(x) > using Algorithm 1

> Advantage: faster than Fiduccia’s algorithm

> in FFT-mode, ~ 3 M(d)log N versus ~ 3 M(d) log N [Shoup, NTL, 1995]
and ~ 13 M(d) log N [Mihailescu, 2008]

> Drawback: computes a single uy, while Fiduccia computes a whole slice
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F():O,Flz]., Fn+2:Fn+1+Fn,TlZO.
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F():O,Flz]., Fn+2:Fn+1+Fn,nZO.

: 2
> Generating function ¥, > F;x™" is x/(1 — x — x%).
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F():O,Flz]., Fn+2:Fn+1+Fn,nZO.

> Generating function ¥~ Fax" is x/(1 — x — x2).

> Thus, the coefficient Fy = [xN] 1—%— is equal to

] x(1+x—x2) [x%]11_3§+x2, if N is even,
1—3x2+ x4 [T ] 5, else.
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Applicati

FOZOIFl:]-/ Fn+2:Fn+l+FnznZO-

> Generating function ¥~ Fax" is x/(1 — x — x2).

> Thus, the coefficient Fy = [xN] 1—%— is equal to

(M) x(1+x—x2) _ [x§]11_3§+x2, if N is even,
1—3x2 + x4 [x77] 1_13;_’;(2, else.

> The computation of Fy is reduced to that of a coefficient of the form

(M) a+bx — ] (a+bx)(1+cx +x?%)
1—cx+x2 1—(c2—2)x2 + x4

which is equal to

N1 (ac+b)+bx
2] =

(c2=2)x+x2"

[x%] %% if N is even,
else.

33 /39
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Algorithm 3 NewFibo

Input: N

Output: Fy

Assumptions: N > 2
1. c+3
2: if N is even then
3 [a,b] < [0,1]
4: else

5: [a,b] < [1,—1]

6

7

8

9

: end if

. N« |N/2]

- while N > 1 do

: if N is even then
10: b+a+b-c
11: else
12: a+b+a-c
13: end if
4 c+c2=2
15 N+« [N/2]
16: end while
17: return b +a - ¢
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N a b c

21 1 -1 3

10 1x3—-1=2 32_2=7

5 (-1)x7+2=-5 72 -2 =47

2 2 x 47 —5=89 472 — 2 = 2207

1 (—5) x 2207 +89 | 2207> — 2 = 4870847
= —10946

0 | 89 x 4870847 — 10946

= 433494437
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Algorithm 4 NewFiboPowerOfTwo
Input: N
Output: Fy
Assumptions: N > 2 and N is a power of 2
2 [b,c] « [1,3]
: N LN / 2J
while N > 2 do
b<b-c
c—c2-2
N+ |[N/2]
end while
return b - ¢

—

P NIk e

> This is exactly [Cull, Holloway, 1989, Fig. 6], also [Knuth, 1969]

fib(n)
fe<1
13
fori=2to (log n—1)
fefel
le=lsl-2
A AR

return f
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RULE 8: The development of fast algorithms is slow !
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