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[C2 = π/2 ]
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c2
(
x3 +

x2

4
+ ax + b

)
· f ′2 = f 3 +

f 2

4
+ a′f + b′



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

UT ′2 ≈ V ◦T



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)

≈ (x2−4ux) B(x)2



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

0 1 2 3 4

1

2

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)

≈ (x2−4ux) B(x)2



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

0 1 2 3 4

1

2
= x · (x−4u) · Q(x)

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)

≈ (x2−4ux) B(x)2



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

0 1 2 3 4

1

2
= x · (x−4u) · A(x)2

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)

≈ (x2−4ux) B(x)2



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

0 1 2 3 4

1

2
= x · (x−4u) · A(x)2

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)

≈ (x2−4ux) B(x)2 y(x) =
δT (ux)

B(ux)



Linearization

UT ′2 = V ◦T
U(x) = 4x + x2 + 4ax3 + 4bx4

V (x) = 4x + x2 + 4a′x3 + 4b′x4

0 1 2 3 4

1

2
= x · (x−4u) · A(x)2

UT ′2 ≈ V ◦T
U · (T+δT )′2 = V ◦ (T+δT )

UT ′2 + 2UT ′ (δT )′ = V ◦T + (V ′◦T ) δT

2 UT ′2 (δT )′ − (V ◦T )′ δT = T ′ · (V ◦T − UT ′2)

≈ (x2−4ux) B(x)2 y(x) =
δT (ux)

B(ux)

(x2−4x) y ′ − (x−2) y = g(x)



Algorithm DiffSolve

Input: N
Output: T at precision O(xN)

C = 1/T ′ at precision O(xN/2)

1. if N ≤ 2 then return x+O(x2), 1+O(x)

2. n ← floor(N/2)

3. T ,C ← DiffSolve(n)

4. lift T at precision O(xN+1)

lift C at precision O(xN−n+1)

5. T2 ← T ′2

G ← UT2 − V ◦T
C ← C · (2− CT2)

F ← G C A−3/2

6. y ← LinearDiffSolve
(
(x2−4x)y ′ − (x−2)y = 2 F (ux)

)
7. T ← T + y T ′ A1/2

8. return T , C



Algorithm DiffSolve
Input: N
Output: T at precision O(xN)

C = 1/T ′ at precision O(xN/2)

1. if N ≤ 2 then return x+O(x2), 1+O(x)

2. n ← floor(N/2)

3. T ,C ← DiffSolve(n)

4. lift T at precision O(xN+1)

lift C at precision O(xN−n+1)

5. T2 ← T ′2

G ← UT2 − V ◦T
C ← C · (2− CT2)

F ← G C A−3/2

6. y ← LinearDiffSolve
(
(x2−4x)y ′ − (x−2)y = 2 F (ux)

)
7. T ← T + y T ′ A1/2

8. return T , C



Algorithm DiffSolve
Input: N
Output: T at precision O(xN)

C = 1/T ′ at precision O(xN/2)

1. if N ≤ 2 then return x+O(x2), 1+O(x)

2. n ← floor(N/2)

3. T ,C ← DiffSolve(n) // recursive call

4. lift T at precision O(xN+1)

lift C at precision O(xN−n+1)

5. T2 ← T ′2

G ← UT2 − V ◦T
C ← C · (2− CT2)

F ← G C A−3/2

6. y ← LinearDiffSolve
(
(x2−4x)y ′ − (x−2)y = 2 F (ux)

)
7. T ← T + y T ′ A1/2

8. return T , C



Algorithm DiffSolve
Input: N
Output: T at precision O(xN)

C = 1/T ′ at precision O(xN/2)

1. if N ≤ 2 then return x+O(x2), 1+O(x)

2. n ← floor(N/2)

3. T ,C ← DiffSolve(n) // recursive call

4. lift T at precision O(xN+1)

lift C at precision O(xN−n+1)

5. T2 ← T ′2

G ← UT2 − V ◦T
C ← C · (2− CT2)

F ← G C A−3/2

6. y ← LinearDiffSolve
(
(x2−4x)y ′ − (x−2)y = 2 F (ux)

)
7. T ← T + y T ′ A1/2

8. return T , C

// 1 mult. at prec. O(xN)

// 3 mult. at prec. O(xN)

// 2 mult. at prec. O(xN−n+1)

// 2 mult. at prec. O(xN−n+1)

// 2 mult. at prec. O(xN−n+1)



Algorithm LinearDiffSolve

Input: A linear differential equation of the form
(x2−4x)y ′ − (x−2)y = g(x) + O(xN)

Output: y solution with y(0) = 0

1. y0 ← 0

2. for i in {1, 2, . . . ,N−1}: yi ←
(i−2)yi−1 − gi

4i − 2

3. return
N−1∑
i=1

yix
i + O(xN)
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Output: y solution with y(0) = 0

1. y0 ← 0

2. for i in {1, 2, . . . ,N−1}: yi ←
(i−2)yi−1 − gi

4i − 2

3. return
N−1∑
i=1

yix
i + O(xN)

=⇒ 2-adic stability of LinearDiffSolve
=⇒ 2-adic stability of DiffSolve
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