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Pell equations

Let d be a positive integer which is not a square. The Pell
equation corresponding to d is the equation

X% — dY? = +1 (1)

to be solved in positive integers (X, Y).

It is known that (1) always has positive integer solutions. Letting
(X1, Y1) be the smaller positive integer solution of it, all other
solutions are of the form (X, Yj,) with

Xp+VdY, = (X; +VdYy)" forall n>1.
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Our problem: first attempt

Let U be your favorite set of positive integers. What can one
say about d such that the equation

X, eU forsome n? (2)

Unfortunately, if one formulates it in this way, the above problem
is trivial. Namely, let u € Y. Write

w1 =av?
for some squarefree integer d. Then
u? —dv? = -1,

so u = X, for some n > 1 corresponding to d. If u > 1, we can
play the same game with

uF—1=dv?
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Our problem: second attempt

Since our first attempt seemed to have a trivial answer, we try
the following potentially more interesting problem:

What can we say about d such that
XnelU

holds for at least two different values of n?

That is, we now look for values of the squarefree integer d such
that the equation
U? — dV2 = +1,

has two different positive integer solutions (U, V) # (U', V')
with {U, U’} C U.
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When U are the base 10-repdigits

m_
u:{a<109 1);1<a<9, m>1}.

The elements of U are base 10 repdigits since

<1om—1>
a =aa---a.
9 N——

m times

Take

Theorem

(Dossavi-Yovo, L., Togbe, 2016). Let (Xn, Yn) be the nth
solution of the Diophantine equation

X% —dy?=1.

The equation X, € U has at most one solution n except:
(i) d =2 forwhichne {1,3};
(i) d =3 forwhichn e {1,2}.

v
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Appolinaire Dossavi-Yovo
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When U are the Fibonacci numbers

Let U be the sequence of all Fibonacci numbers given by
Fi=F,=1and Fpy2 = Fpy1 + Fpforalln> 1.

Theorem

(L., Togbe, 2016). Let (Xn, Yn) be the nth solution of the
Diophantine equation

XZ — dy? = +1

The equation X, € U has at most one solution n except for
d =2 in which case n € {1,2}.

The above result can be reformulated by saying that the only
nontrivial solutions of the Diophantine equation

(FE+1)(F2+1)=0

are (n,m) = (1,4), (2,4).
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Variations: Repdigits in an arbitrary base
Let g > 2 be an integer and

g" -1
Ug=1qa 9= 1<a<g-1, m>1;.

Members of U, are called base-g-repdigits.

Theorem

(Faye, L. 2016). Let (Xn, Yn) be the nth solution of the
Diophantine equation

X? —dY?=1.
If X, € U has two solutions n, then

d < exp ((109)1°5> :

v
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Bernadette Faye
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Variations: with Fibonacci numbers

Let again

Theorem

(Kafle, L., Togbe, 2016). Let (Xn, Yn) be the nth solution of the
Diophantine equation

X2 —dY? = +4, (3)

The equation X, € U has at most one solution n.

Allowing also the “small Fibonacci numbers”, we get that the
equation X, € U, where (X, Yy) satisfies (8) has only one
solution n except when d € {2,5} for which all n have n < 4.
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Bir Kafle
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Proofs so far: The Fibonacci case
Assume that (Xj, Yy) is the nth solution to

X2 —dY? =1,
and say X, = F, for some m. Assume first that nis even. Then

So, we need to find Fibonacci numbers F,, such that
F, = 2X2 — 1. Via the relation

L2 — 5F% = +4,
where {Ln}m>1 is the Lucas companion of {Fyn}m>1, we get
Y2 =5(2X2 -1)2+4.

This reduces to finding all integer points on some elliptic curves.
This gives a few d and for each d, we find all the solutions n.
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Next let ny < no, and my < mo such that

Xny = Fm, and Xn, = Fp,.
We apply gcd getting that

gcd(Xn,, Xn,) = 9¢cd(Fpm, , Fms,)-

In the left we have Xyeq(n,,n,)- IN the right we have Fyeqim,,m,)-
So, we can replace (ny, n2) by (gcd(ny, nz), nz) and then
Xged(ny,mp) DY X1. Also, (my, mp) by (my, myt). So, with

a:X1+\/aY1, ﬁ:X1—\de1,

we get
_|_
n+ n
X, = ¢ 26 = Fom,t.
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From now on, the argument has an analytic part and an
arithmetic part. The analytic part shows that putting

(3.6) = (”2*51‘@),

2
we have
2 m 4
RV A A B
anﬁ -mt_q| < 2v5
2 v 72m1t'
Also, n > t.
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The arithmetic part claims that
™ < 6P,

To do this, one shows that

Secondly,

Fm t 2 2
<1) ==+t (mod Fp,).
Fm,
So, from our equations, we get that

Fm, | N? + £,

which implies the arithmetic inequality.
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Feeding these into some lower bound for a linear form in
logarithms, we get

n < log(myt) < logn,

which gives a bound on n. Specifically, n < 7 x 10'* and
my < 145. The rest is just calculations.
It is clear that this method also works for the case of (Xp, Yn)
being solutions to
X? —dY? =44

when dealing with X, € {F» : m > 1} having two solutions n.
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Proofs so far: The repdigit case

This is similar. Indeed, say

X% —dY? =1

10m — 1

with n even. Assuming a # 9, writing m = ro + 3mg, X := X2
and Y := 10™, we get

and

100 Y3 — 1

2X? -1 =
a("

> 1<a<s§,

which reduces to integer points on elliptic curves.
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In case

10™ — 1 10me — 1
o n () e a(05)

with ny and n» odd, we use the fact that

od(a (197 1Y  (10™—1\) _, (10™ 1
g \—9g ) ®{—9g =& —g )

where mz = gcd(mq, mp) and
a3 €{1,2,3,4,5,6,7,8,9,21,63}.

Up to substitutions we get

my __
Xy = a<1091>, ac{1,2,...,9,21,63};

mt __
X, = b<1091>, be{l,...,9}.

looking very similar to the system of two equations from the
Fibonacci case.
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(i)
9cd(333333,777777777) = 2331 =21 - 111.

(ii)

gcd (999999, 777777777777777777777777777) = 63-111.

v
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Now an analytic argument shows that

1

2b
0 < ‘91Omta_n1‘ < F,

and an arithmetic argument shows that m < 4 x 10" log n.
Together they give
t<6x10", m<2x10'® n<3x10".

The rest is just calculations. The method works for any base.
There, combined with theoretical lower bounds for linear forms
in logs gives the main result of Faye, L.
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How about for the Tribonacci sequence

Let ¢/ be the sequence of Tribonacci numbers given by
Tiv=To,=1, Ta=2and Tpy3 = Tpio+ Tpiy + Tpforalln > 1.
Theorem

(L., Montejano, Szalay, Togbé, 2016). Let (Xn, Yn) be the nth
solution of the Diophantine equation

X2 —dY? = +1. (4)

The equation X, = Ty, has at most one solution (n, m) except:
(i) (n,m)=(1,8) and (2,5) in the + case (d = 3);
(i) (n,m)=(1,1), (1,2), (3,5) inthe — case (d = 2).
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The ALFA team.
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This problem is different from the previous ones because:

We have no idea how to solve
Tm=2X?-1.
We have no idea how to relate
gcd(Tm, Tn)

back to members of the Tribonacci sequence.
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New idea

Instead we just used two linear forms in logarithms and a clever
linear combination of them. Here is at work. Say

(a,8) = <1+‘£,1_ﬁ>7 §=X +VdY;.

2 2

Then F, = X, is equivalent to

a”—ﬁ”_5m+5_m

/5 2

This implies

nloga + log(2/v'5) — mlogé = O (min {Ojn, ;m}> .

Linear forms in logs give m < log nand n < log d log n.
Unfortunately we don’t know 6.
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But say we have another such relation F, = Xp. Then also

, 1 1
n'log o + log(2/v5) — m'logé = O (mm {a”” (W}) :
Then we do linear algebra and assuming n < n’, we get

(""'m— m'n)loga — (m— m')log(2/v5) = O <n’> .

an

This gives n < log r’. Since n > log 4, we get that
logd < log . Thus, n’ < (logé)logn’ < (log n')?, so
everything is bounded.

This idea ended up being very fruitful. The next few slides show
results obtained using it.
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With sums of two Fibonacci numbers

Let 2F = F + F be the set of numbers which can be written as
a sum of two Fibonacci numbers.

Theorem
(C. A. Gomez Ruiz, L., 2018). Let (Xn, Yn) be the nth solution of
the Diophantine equation

X2 —dY? = +1. (5)

The equation X, € 2F has at most one solution n except for
de{2,3,5,11,30}.

Is it true that for every k > 3 there are only finitely many d such
that X, € kF has more than one solution n? Here

kKF=F+F+---+F

We have no idea. If we replace kF by having at most k ones in
their binary expansion the answer is NO.
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Carlos Alexis Goémez Ruiz
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With products of two Fibonacci numbers

Let 72 = F - F be the sequence of numbers which are products
of two Fibonacci numbers.

Theorem

(L., Montejano, Szalay, Togbe, 2018). Let (Xn, Yn) be the nth
solution of the Diophantine equation

X% — dY? = 41. (6)

The equation X, € F? has at most one solution n except for
de{2,3,5}.
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With generalized k-Fibonacci numbers

For an integer k > 2 consider the following generalization of the
Fibonacci sequence Fk) = {F{K },,> (k—2) given by

Fn:an1+"'+Fn—k n22,

where Fo_y=F_x=---=F =0, FF=1.When k=2, 3
one obtains the Fibonacci and Tribonacci sequences,
respectively.
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Theorem

(Ddamulira, L., 2018). Let k > 4 be a fixed integer. Letd > 2
be a square-free integer. Assume that

Xn, = F¥) and X, = F) (7)

for positive integers mo > my > 2 and n, > ny > 1, where X, is
the x—coordinate of the nth solution of the Pell equation

X2 —dY? = 41,

Pute = X? — dY2. Then, either:
(iymm=1,m=2,m=(k+3)/2, ma=k+2ande=1;0r
(i) =1, m=38, k=3x22"14+3a—-5 my =

3x28+a—1, m =9 x 22+ 3a— 5 for some positive
integer a and e = 1.
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Explanations for the exceptions

For kK > 2 one has

F - on-2 for necl2,k+1];
Fr(ik) — on-2_ (n— k)2n—k—3 for nelk+2,2k+1].

For suitable n and k it might happen that
FI9 = 2m2 _(n—k)2"k3—2x2 _ 1, 4x3 - 3x

for some positive integer x which is necessarily a power of 2.
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Mahadi Ddamulira
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With factorials
Let Fact ={m!: m>1}.

Theorem

(Laishram, L., Sias, 2019). Let (Xy, Yn) be the nth solution of
the Diophantine equation

X2 —dY? = +1, (8)

The equation X, € Fact implies n=1.

Coordinates of Pell equations in various sequences



Laishram, L=.; Sias
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Lucas sequences

Let r, s be coprime integers, r? + 4s # 0. Let «, 3 with |a| > ||
be the roots of
x> —rx—s=0.

Assume (r,s) # (1,—1), (—1,—1). The Lucas sequence of the
first kind and second kind {Un} >0, and { Vp},>0 of parameters
(r,s), respectively, have its general terms given by

n__ 2n

U,,:a ﬁ, Vpo=a"+p" forall n>0.

a—p
Alternatively, one can define them by setting
Uy=0, U =1, Vy =2, Vi =randimposing that the
recurrence

Whio = Wy 1 + sW, holds for all n>0

is satisfied for both { W} >0 € {{Un}n>0,{Vn}n>o}-
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Products of factorials

(L., Stanica, 2006). The largest solution of the equation

Fn Fry -+ Fno = mql---my!

inintegers1 <ny <---<nrand1<m <my <---<mgis

F1 F2F3F4F5F6F8F10F12 =11!
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Letting
k

PE={]]m!: k=0 m=>1}
i=1
be the set of positive integers which are products of factorials,
one can prove easily that if {Un}n>0 is a Lucas sequence, then

|\Un| € PF 9)
has only finitely many solutions n. In fact, let me prove it. Write
|Un| = my!---myl, 1T<m<m < <my.

The left-hand side is < 2|«a|". For n > 31, the left—-hand side
has, by the Primitive Divisor Theorem, proved by Bilu, Hanrot,
Voutier in 2001, a prime factor p > n— 1, which must divide
my!. Thus, mg > n—1,s0 mg! > 2((n—1)/e)"~'. Hence, we
got

2| >2((n—1)/e)"",

so n < N(|al).
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Members of Lucas sequences which are products of factorials

Theorem
(Laishram, L. Sias, 2019). In equation (9), we have:
(i) n<3x10°.
(ii) If additionally, the roots «, 5 are real, then n < 210.
(iii) Further, if s = +1, then n < 150.
The same bounds hold if we replace U, by V), in (9).
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Idea

The general idea is to study on one hand the size of the two
sides of (9) and on the other hand the arithmetic information
obtained from considering the multiplicative contribution to the
sides of (9) of the primitive prime factors of Uj,.

The size is easy. On the one—hand,
log |Un| < log2 + nlog |a|.
On the other hand

k
log (Hm,-!) >I092+Z 1)(logm; —1).
i=1

i=1

So,

nlog|a| > )(logm; —1). (10)

HM»
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Now for the primitive prime factors. These are the primes p | U,
and pt Un for any 1 < m < n. Also, as a technical condition,
we assume that p t |A|. It is known that in the left,

> 'ng“zlog<‘ n(a ,6)!)

p*(|Un

P primitive

The left—=hand side can be lower bounded as

og (1221220 > (a(m - 1)log e ~ G20 0g P og
(11)
with some explicit constant C;. In the right—hand side, these
primes are at most the primes p = +1 (mod n), which divide
myIimo! - my!. Using the known formula for the contribution of
a prime in a factorial, we get that in the right this is at most

C Y men y e

m;>n—1 p=+1 (mod n)
p<m;
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Using the Montgomery—Vaughan bound

2x
m(x;b,8) < —————— valid for all X>b,
0502 = b log(x/b)
for the number of primes p = a (mod b) with p < x and Abel
summation formula, we get the following upper bound on the
right—hand side

<4(1+Ioglogn> S (mi—1)(logm; 1),

¢(n) m;>n—1

which combined with (10) gives an upper bound of

4(1 + log log n>
—————— | nlog|a
< o(n) gl
on the contribution of the primitive primes from the right-hand
side.
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Comparing the last bound with (11), we get

4(1 + loglog n)
¢(n)
Voutier shows that one can take Cy = 73. This gives

n < 18 x 10°. Then one goes down easily to about 2 x 10°. For
3 x 10° more ingredients are needed.

(¢(n)—1)log |a|—C12°(M log |a|(log n)? < < ) nlog|al
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What about X-coordinates of Pell equations and factorials?

Well say, Xx = n!. Then

1
Xe= p(0F 45, o= XitdVVi =Xt XE e, cefx1),

and 3 is the conjugate of a. So, we get
of + gk = v, =2in,

therefore by the previous results, k < 150. One may assume
that k is prime. If k = 2, then X = 2X2 £ 1is odd and > 1, so it
is not a product a product of factorials.

Say k = pand p € [3,150] is a prime. Then X, = P,(X1) is a
polynomial of degree p in Xj.
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Take p = 3, ¢ = 1. Then we need to solve
X3 = X;(4X2 —3) = n!

In the left, the only factors that divide 4X2 — 3 are (aside
possibly from 3 to exponent exactly 1), only primes g such that
(3/q9) = 1. These occupy two of the four possible progressions
modulo 12 which may contain infinitely many primes, so half of
all the primes, and they contribute the factor 4X12 — 3 of X3 s0
multiplicatively about

X213,

In the right, these primes, by the equidistribution of the primes
in progressions modulo 12, will contribute about

n'2 = x}/2

We get a contradiction for large X3. To quantify what large
means we need explicit estimates for primes in progressions
with ratio 12. More generally, we need for all other all primes
p € [5, 150] explicit estimates for the number of primes q < x
which are in a certain progression modulo p.
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We used the following result.

(Bennet, Martin, O’Bryant, Rechnitzer, 2018). Let m < 1200,
gcd(a, m) = 1. For all x > 50m? we have

X < 7(x; m,a) X <1 S ) .

o(m)log x < o(m)log x + 2log x
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What about Y-coordinates of Pell equations in sequences?

How about Y}, € U for your favourite set U? Here is the problem
is slightly different.

There are infinitely many binary recurrences U/ such that

Y, € U has two solutions n. For example, this is so if 1 € ¢/ and
U contains infinitely many even numbers. It is also so for
U={2™—1:m > 1} since taking d = 222 — 1 for some a, then
both Y; = 1 and Y3 = 224+2 _ 1 are in U. However, this is best
possible:

(B. Faye, F. Luca, 2019). IfU = {Un}m>1 is a binary recurrent
sequence of integers, then Y, = Uy, has at most two solutions
(n, m) provided d > do(U), where dy(UL) is effectively
computable.

Incase Y = {2 —1: m > 1}, one can take ap(U/) = 1.
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THANK YOU!

inates of Pell equations in various sequences



