Same integrals as in Demo-redct,
done with C. Koutschan’s
FindCreativeTelescoping

<< RISC HolonomicFunctions"

HolonomicFunctions Package version 1.7.3 (21-Mar-2017)
written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

--> Type ?HolonomicFunctions for help.
TimeBound = 60 » 60 ;

Test[f_, var_, rest_] := TimeConstrained[Timing[FindCreativeTelescoping]
Annihilator[f, Union[{var}, rest]], var, rest]], TimeBound]

Examples from C. Koutschan’s Examplesll.nb

|. Easy ones

st = TimeUsed[];

Test[(LegendreP[2k +1, x] / x) "2, Der[x], {S[k]}]
-x2+ x4 X -4x-3kx+5x3+4kx3

{O°605705’{{Skl}’{{2(3+5k+2k2> DX75+4|'(SKJr 5+9k+4k? }}}}

Test[Sqrt[l-mxur2]A(2j-1) /Sqrt[1-ur2], Der[ul, {S[j1}]
{0.191199, {{(-3-2j) Si+ (4+4j-2m-2jm) Sj+ (-1-2j+m+23jm)},

{{mu—mu3—m2 u® +m? uw}ihl}
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Test[ArcCos[x/Sqrt[(a+b) *xx-axb]], Der[x], {Der[a], Der[b]}]
{0.535907,{{(az—bz)Dba-(3a+-b),(—a2+b2)Da+<a+-3b)},
{{4(a3b2—2a3bx—2a2b2x+a3x2+3asz2+ab2x2—a2x3—abx3> -
2ab-ax-bx
(a2+ab—3ax—bx)},

4<a2b3—2a2bzx—2ab3x+a2bx2+3ab2x2+b3x2—abx3—b2x3>

{ Dy +
2ab-ax-bx

(absb?-ax-3bx)}}}}

Test[u?(2m) /Sqrt[1-u”2], Der[u], {S[m]}]
{0.111811, {{(-2-2m) Sp+ (1+2m)}, {{-u+u’}}}}

Test[1l/ (x*4+2ax"2+1)"(m+1), Der[x], {S[m], Der[a]}]

{&23&%4,{“—4—4m)$m+2aDa+(3+4mb (-4+4a%) D2+ (12a+8am) D+ (3+4m)},

“3x-4mx-2ax>-4amx3+x°
{0 { L 2e e i

Test[LegendreP[2n, u] /Sqrt[1-u?2], Der[u], {S[n]}]

{0.285672,

H(_4_8n_4n2)&+(1+4n+4n3},{{2<_1_nluz+nuz)Sn+_l_2n+;2+2nuaﬂ}}

Test[Sin[m* Xx] *Sin[n*x], Der[x], {S[m], S[n]}]

Annihilator: The expression Sin[m=x]w.r.t. {S[m]} is not recognized to be d-finite. The result might not generate a
zero-dimensional ideal.

Annihilator: The expression Sin[nxx]w.r.t. {S[n]} is not recognized to be d-finite. The result might not generate a
zero-dimensional ideal.

FindCreativeTelescoping: The input does not generate a zero-dimensional ideal.

{0.80644, SFailed}

Test[Exp[-u (a+1)] »Log[u], Der[a], {Der[u]}]

{o.076541, {11, {{~}}}]

u
Victor Moll’s integral: special case s=4.
ff = (xA2/ (xM4+2ax72+1)) Arx (x"2+1) /xA2/ (xPs+1) /. s >4

(1+x)

2 ) r
142 ax2+x?

x2 (l + x4)
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Test[ff, Der[x], {Der[a], S[r]}]

{0.57723, {{Da+2rsr, (64a-64a°+96ar-96a°r+32ar?-322a°r?) i,
(-32-16a+64a°-48r-16ar+112a°r-16r°+48a°r?) SZ+
(8-10a+8r-40ar-24ar?) S+ (-3+4r+4r?)},

{{0}, {(—3x—2rx—5x3—2ax3—2rx3—2x5—6ax5—6x7—2ax7+x9—

6ax9+2rx97xll+2I’Xll)/((1+X2) (1+2ax2+x4)2>}}}}

Test[ArcSinh[x] /Sqrt[x"2+1] xEA (-zxXx), Der[x], {Der[z]}]

{0.246354, {{zD}+D, + 2}, Hl;x2 D, + X+2ZZ+2X22H}}

Test[z /2 *ArcSinh[x] A2 %xEA (-z%Xx), Der[x], {Der[z]}]

1+ x2 X+3z+3x%z

{0.342002, {{zD}+D, + 2}, {{ D2+ D+3 (1+x°) [}}}

z2 z2

Test[Xx * ArcSinh[x] / Sqrt[x*2+ 1] *EA(-zxXx) /2, Der[x], {Der[z]}]
{0.323606, {{z2D}+ 2D, + (-1+27)},

2+2x%+xz+x3z 1
H Dy + (—2+2xz+3x3z+2x222+2x422)}}}}
X z X2 z

Test[ArcSinh[x] / (1 +x"*2) A (n+1), Der[x], {S[n]}]

{0.26717, {((-2-2n) s+ (142n)3, {{11:2)(1 Dy + <3l++42n; X}H}

annLommel = ToOrePolynomial]

{S[n] -1, Der[x] ** (x"2xDer[x]"*2+x*Der[x] +x"2)}, OreAlgebra[Der[x], S[n]1]]

{Sn-1, x*D; +3 xDf + (1+x%) Dy +2x}

integrand =
DFiniteTimes[Annihilator[x*n x Bessell[n, x], {Der[x], S[n]1}], annLommel]
{S2+(-2-2n) Sy+x?, x*D} +3x*D; Sp+ (3x*-6nx*) D} +
(3x-6nx) Dy Sy + (x—6nx+12n2x—2x3) Dy +4nS,+ (—8n3—2x2+2nx2)}

ct = CreativeTelescoping[integrand, Der[x], S[n]]
{{(4+2n)S}+(-11-18n-8n%)S,+ (1+6n+12n*+8n°)},
{—x3Di—3x2DxSn+6nx2Dx+3(x+2nx) Sn+(7x—6nx—12n2x+2x3)}}

Test[(l+xt+tr2)A(-2), Der[t], {Der[x]}]
{0.08994, {{(-4+x®) Dy+3x}, {{2+tx}}}}

Test[1l/ (1 +x"2) A rn, Der[x], {S[n]}]
{0.073431, {{-2nSy+ (-1+2n)}, {{x}}}}

| 3
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Test[xA (m-1) * Exp[-c*x-b*x"2] *Sin[a*X],

Der[x], {S[m], Der[a], Der[b], Der[c]}]

{0.629041, {{aD,+2bDp+cDc+m, Sy+De, D2 + Dy,
4b2D§+4bcDch+(—a2+6b—cz+4bm) Dp+ (2c+2cm) DC+(m+m2>},
{{-x}, {0}, {0}, {XZDX—Z (mx—cxz—sz3)}}}}

Test[ArcTan[p*x]/ (L +p"2*x), Der[x], {Der[p]l}]
{0.347458, {{(-pz-p“) D2+ (-4p-6p°) Dp+ (-2-6p%)},
~14p* x> 2 (-1+x+2p*x-p?x*+ptx?)

U0 i

o 1+p2x

Test[Bessell[m, a = x] * BesselJ[n, bxx], Der[x], {S[n], S[m], Der[a], Der[b]}]
{1.27481, {{-aD,-bDy-1, (a®b*-b*) DZ+ (a®b-3b%) Dy + (-b*+b*m* -a®n?),
(a2b7b3) SnDp+ (abm-abn) S, + (bzm—a2n) Sm) (faz—Zazm—a2m2+a2n2> SZ +
(2a’°b-2b*+2a’bm-2b>m) Dy + (a®°-2b*+2a°m-4b’m+a’m’ -2b*>m’ +a’n?),
(-a®b+b%) Sy D+ (-2’ +b*+b’m-a’n) S,+ (abm-abn) Sy,
(ab+abm+abn) S Sy+ (a?b-b?) Dy+ (-b?-b*m-a’n),
(-b*>+b*m? -2b’n-b’n?) S2+ (2a°b-2b>+2a’bn-2b>n) D+
(-b®+b*m?-2a’n-2a*n?+b’n?)},
{{x}, {ab?>x*Sp-b>x* S, - (-b?+b?>m-b%n) x}, {b*>xSy-abxS,},
{2 (ab+abm) xSySy-2 (a+2am+am’+an+amn) Sy+2 (b*+b*m) x},
fabxSy-b® xSy}, {abxSyS,+b?x},
{2 (ab+abn) xSySy-2 (b+bm+2bn+bmn+bn®) S +2 (b?+b%*n) x}}}}

Test[Log[(Sqrt[x"2+a”2] +x) / (Sqrt[x"2+ar2] -x)] *
BesselJ[0, bx x] /Sqrt[x*2+a”2], Der[x], {Der[a], Der[b]}]
{1.29586, {{-aD.+bDy, b’ D +3bDf+ (1-a’b?) Dy-a” b},

a% x +x3 a? 3x? x+3a’b?x+3b%x3
{{—X},{ﬁDiJ';DbJ'zb Dx + - 2b+ }}}}

Test[(1-x"2)A(nu-1/2) »GegenbauerC[m, nu, x] » GegenbauerC[n, nu, x],
Der[x], {S[n], S[m], S[nu]}]

-1-m -1-n X
{o.567152, {{1}, H(m_m maneznm " Cmem mens2n S”+m+n+znu}}}}
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Test[(x (2a-Xx))*(nu-1/2) xGegenbauerC[n, nu, x/a-1] *xE” (-b*Xx),
Der[x], {Der[a], Der[b], S[n], S[nu]l}]
{0.920638, {{(a+2an+an2+2anu+2annu) Sh+2bnuSy,
(bn+bn2+2bnu+4bnnu+4bnu2) Dp -2 b2 nuS,, +
(abn-n*+abn’-n*+2abnu-2nnu+4abnnu-4n®nu+4abnu’-4nnu’),
(an+an*+2anu+4annu+4anu’)D,-2b°nuSy+ (abn-n*+abn®-n’+
2abnu—4nnu+4abnnu—6n2nu—4nu2+4abnu2—12nnu2—8nu3),
(4b*nu+4b®nu?) Si, + (24nu+44nnu+24n°nu+4n’nu+64nu’+
76 nnu?+20n?nu?+56nud+32nnud+16 nu4) Shu +
(-6a°n-11a’n’-6a’n’-a’n*-12a’nu-44a’nnu-36a’n’nu-8a’n’nu-
44a*nu’-72a°nnu’-24a’n’nu’-48a’nu’-32a’nnu’-162a° nut) |,
1

{2nusny, {-

2 (-nu+abnu-nnu-2nu®-bnux) Sy +
a-x a-x

(-2anx-

2anzx—4anux—8annux—8anu2x+nx2+n2x2+2nux2+4nnux2+4nu2x2)},

1 ) 1
{— 2 (-nu+abnu-nnu-2nu’-bnux) Sy -
a-x a-x

(an+an®+2anu+4annu+4anu’) x},
1

{

2 (3a2nu+a3bnu+4a2nnu+a2n2nu+2a2nu2+2a3bnu2+2a2nnu2—12anux+
a-x

3aZbnux-l1l6annux+4a’bnnux-4annux-20anu’?x+2a’bnu’x-
12annu?x-8anu®x+6nux?-6abnux®?+8nnux?-6abnnux®+2n?nux?+

10nu’ x*-6abnu’x*+6nnu’x*+4nu®x’+2bnux’+2bnnux’®+2bnu? x?)

Shu + (6a3nx—2a4bnx+8a3nzx—2a4bn2x+2a3n3x+12a3nux—

a-x

4a*bnux+32a’nnux-8a*bnnux+12a®n?nux+32anu?x-
8a*bnutx+24a’nnux+16anu®x-3a’nx?+3abnx?-4a2n?x%+
3a®bn?x?-a?n®x?-6a’nux?+6a’bnux?-16a’nnux?+12abnnux?-
6a’nnux?-16a’nu?x?+12a°bnu?x?-12a2nnu?x?-8anu’x?-

azbnx3—a2bn2x3—2a2bnux3—4a2bnnux3—4a2bnu2x3)}}}}

Test[ChebyshevT[n, 1-x"2y] /Sqrt[1-x"2], Der[x], {S[n], Der[y]}]
{0.702383, {{(-2n-2n2) Se+(2y+4ny-y?-2ny?)Dy+ (2n+2n-ny-2ny),
(2y—y2) Df,+ (2-y) Dy+n2},

H—n+n><2 n-nx? -n+nx? n-nx?2-nx?y+nx*y
" o

X ° X xy (-2+x%y) > }}}}

xy (-2+x*y)
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Test[xA (r-1) * (1-x)”*(s-1) xHypergeometric2Fl[a, b, c, x],

Der[x], {S[al, S[b], S[c], S[r], S[s]}]

{1.01152, {{Sr+ss—l, (abc-ac’-bc?+c*-abr+acr+bcr-c’r) Sc+
(—abc+acr+bcrfcr2+acs+bcs—2crs—csz)SS+
(ac’+bc’-c®-acr-becr+c’r-acs-bcs+crs+cs?),

(b+ab+b*>-bc-bs)Sy+(-abrar+br-r’+as+bs-2rs-s”) Sg+
(-b-b*+bc-as+rs+s’), (a+a’+ab-ac-as)S,+
(-ab+ar+br-r’+as+bs-2rs-s?)S;+(-a-a’+ac-bs+rs+s?),

(1-a-b+ab+2r-ar-br+r’+2s-as-bs+2rs+s”) S+
(—l+a+b—ab—r+ar+br—cr—2s+2as+2bs—cs—2rs—252) Se +
(-as-bs+cs+s?)},

{{0}, {(abx-acx-bcx+c?x-abx’+acx’+bcx?-c?x?) S+
(—c2x+crx+csx+c2x2—crx2—csx2)},

(ab—ac—bc+c2) X2

{— SC+(—ax—bx+rx+sx+cx2—rx2—sx2)},
c

(abfacfbc+c2) x2

- Sc+(—ax—bx+rx+sx+cx2—rx2—sx2)},
c

1
{—(abxz—acxz—bcx2+c2xz—abx3+acx3+bcx3—c2x3>SC+
c

(—x+cx—rx+2x2—2cx2+2rx2+sx2—x3+cx3—rx3—sx3)}}}}

Test[(z/2)"n/Gamma[n+1/2] /Gamma[l/2] » (1-t*2)A(n-1/2) xCos[zt],
Der[t], {Der[z], S[n]}]
—z+t%z n-nt?

{0.484635, {{—zDZ—zSn+n,zSﬁ+(—2—2n) S”+Z}’ {{(lJrzn) tDZ+ (1+2n)t}
{

Test[t?(-n-1) *xExp[t-z"2/ (4t)], Der[t], {S[n], Der[z]}]
{0.154007, {{zS,+2D;, -zD3+ (-1-2n) D, -z}, ({0}, {z}}}}

J

z2-21t% 2% + t* 22

D,+ (-nz+3t?z+4nt’z-3t*z-3ntz 3+8n+4n?)t
(3+8n+4n?) t a )/ (! ) ”H}

Test[Sin[zt] (1-t*2)A(n+1/2), Der[t], {S[n]l, Der[z]}]

{0.395947, {{z So+ (3+2n)D,, ~zD2+ (-3-2n) D, -z}, {{l_ttz DZ}, {_l:tz DZ}}}}

Test[Exp[-zt] (1+t*2)A(n-1/2), Der[t], {S[n], Der[z]}]
{0.173728, {{zSn+ (1+2n) D, zDZ+ (1+2n) D +z}, {{1+t%}, {1+t?}}}]

Test[Besseld[n, bt] *x Exp[-p*2*xtA2] *tA(n+1), Der[t], {Der[b], S[n], Der[p]l}]
{0.335632, {{2 p>Dp+ (-b*+4p>+4np?), 2p2S,-b, -2bp?Dy+ (-b2+2np?)},
b

[[Zs0-262e], {Tsa)s {2 s}
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Test[t”n x BesselY[n, at] / (t*2+k”*2), Der[t], {S[n], Der[a], Der[k]}]
{0.690229, {{-aDa+ka+ (1-n), aSy+kDg+ (1L-2n),
-k D} + (—5k+2kn) D + (—4+a2k2+4n) Dk+2a2k},
2akt 2 (Kt-3kt?)

(CRCRE-LES )

2 g2 (K24 £2)2

Test[Exp[-p"2*t"2] x BesselJ[0, at] * BesselY[0, at] *t, Der[t], {Der[a], Der[p]l}]
{0.597023, {{a Da+pDp+2, p*D2+ (-2a%p+5p°) Dy+ (-22%+4p?)},
t 1 1+4a2t?2-6p2t2+12p*t?
2 2 .2
{eon [t —(-1e6p% %) Do " })

Test[z” (n+1) *BesselI[n, z], Der[z], {S[n]}]

fo.120408, {11, {{-~s:}}}]

Test[tA(a-1) » (1-t) A (b-1), Der[t], {S[a], S[b]}]
{0.135683, {{(a+b) S,-b, (a+b)S,-a}, {{-t+t’}, {t-t*}}}}

Test[Exp[-a t] * StruveH[O, t], Der[t], {Der[a]l}]
t 1+3at a+t+3a’t

{0.199298, {{(-1-2a) D,-a}, {{QD%+ De + HHH

a a

Test[AiryAi[272(2/3) * (ur2+x)], Der[u]l, {Der[x]}]
{0.132019, {{-D; +4xDy,+2}, {{2u}}}}

TimeUsed[] - st
15.9946

2. Alongerone

Test[2 /Pi xBesseldJ[m+n, 2zt] * ChebyshevT[m-n, t] /Sqrt[1-t~2],

Der[t], {S[m], S[n], Der[z]}]

{1.9194, {{z Sw+ZSn+zDy+ (-m-n),
22%S,D,+2°D2+22S,+ (z-2n2z) D, + (—m2+n2), ~z2S24(2+2n) Sy, -z,
z°D}+32°D}+ (2m*z-2n"z) Sq+ (z-m*z-3n°z+42°) D+ (-2m*n+2n’+42%)},

1 1-2t?
{tor, trzse-tzs), {—sar —— i},

{~tmz-nz)Sprtmz-nz)Sy+4 (-tz2+ 222 }}}]

3. Examples that are hard for redct, or where it needs help
Test[GegenbauerC[l, A, x] » GegenbauerC[m, A, x] *
GegenbauerC[n, A, Xx] * (1 -x*2)*(x-1/2), Der[x], {S[m], S[n], S[L]1}]
{2.35558, {{(—l+21—12+m2—2n+2ln—n2+2}\—21)k+2m)k+2nk) Sp +

(1+21+1%-m-2n-21n+n’-22-212-2mA+2n2) Sy,
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(—1+21—12—2m+2lm—m2+n2+2/\—2lk+2m)n+2n)\) Sm +
(1+21+1%-2m-21m+m*-n?-22-212+2mA-2n2) Sy,
(16+321+241%+8 1+ 1*-8m*-81m* -2 1V®m*+m*-8n*-81n*-21°n’-
2m*n?snt-16mA-161TmA-41PmAa+4mA-16nA-161na-41°na-
4m’na-4mn®A+4n*2-162°-1612°-412 % +4m* 2> -8mn2®+4n? 1%) ST+
(714+212m2—m4+212n2+2m2nz—n47813A+412m)\+81m2)k—4m3/\+
41 na+4m’na+81ln?a+4mn?1-4n®21-2012%2+161ma%+
4m* 2% +16 In % +8mna?+4n’ % -16 1A% +16mA° + 16 n 2%) },
{{<1+m> SUSm+ (L-n) S1Sn+ (-1-M) SpSn— (L+Lem-n) xSy -
(-1+1-m-n) xSp+ (L-n)}, {(L-m) Sy Syu+ (L+n) Sy Sn+
(-1-n)SpSn-(L+1-m+n) xSy -(-1+1-m-n) xSp+ (L-m)},

{—4(1+1+m+1m+n+ln+mn+1mn+)&+m)\+n)\+mn)&) S1Sm Sn +

2 x (4+81+512+13+4m+81m+512m+13m—mz—lmz—m3—lm3+4n+61n+
2+ 1

2VPn+4mn+6lmn+22mn+n?+1ln?2+mn?+1mn?2+821+1012+31% 2+
6mA+81lmA+3VmA-3mA-21mA-m*A+6nA+4lnr+6mni+4lmni+
nPasmn?A+4% 421 2ma% +21maA% -2m* 2% +2n 2%+ 2mn %) Sy Sy +

1
2 X (4+81+512+'L3+4m+61m+212m+m2+1m2+4n+81n+512n+l3n+
2+ 1
4mn+6lmn+2Pmn+m®n+Im?n-n?-1n?-n®-1n®+82+1012+31%1+
ema+4lma+m?A+6n2+81lna+312na+6mni+4lmni+m>ni-3n?a-
21 2a-n*+42% 421+ 2m2%+2n 2% +21n % +2mn % -2n? A%) Sy S, -
1
2 (—4—101710127513714+2m2+31m2+12m2+2n2+31n2+12n2+8x2+
2+ 1
201 x?+18 122+ 732+ 1 X2 +4mx?+81mx2+5U2mx®>+ Udmx?-2m? x2-
3Tm?x2-Um?x>-mx2-1mx2+4nx>+81nx?+51nx>+1Pnx®>+4mnx?+
6lmnx2+2Vmnx2+mnx2+1lm®nx?2-2nx2-31nmx*-1®n?x>+mn?x+
Tmn?x?2-nx2-1n®x2-42-1012-10122-313A+4mar+61lma+212>mA+
2m? A+ 1lmA+4na+61na+212na+2n? x+1n?2x+16x22+281x%2 A+
16 122 A+3 132 0 +4mx2 a+41mx2 A+ Umx2A-4m® x> 2 -31m? x% A -
M xZA+4nx2 2x+41lnx2 A+ 1Pnx®2x+8mnx2 x+6lmnx2x+m?nx? -
4252 a-31n2 2 a+mnZ P A-n¥x2a-412-2122+4mA%2+21mA%2+4nx%+
21n22+8x2 % +81 X2 A% +2 1 x* A% -2m® x* A2 +4mnx® 22 -2n* x* 1%) S -
1
2 (21+312+13+21m+312m+13m—m2—1m2—m3—1m3+n2+1n2+
2+ 1
mn2+1lmn?+42+8 1 A+312 A+2mA+61mAa+31?mA-3m?x-
21m?A-m*a+2na+21lna+2mna+2lmna+n®x+mn?x+
42221 +2mA%+21maA%-2m A2+ 202 +2mn %) Sy -
1
2 (21+312+13+m2+1m2+21n+312n+13n+m2n+1m2n—n2—
2+ 1

Tn?-n®-1n®+42+812a+31% x+2ma+21lmA+m>A+2n2+
6lna+31?na+2mna+2lmna+m’na-3n?x1-21n%x-
P42 +21 0% +2mA%+2n2%+21n%+2mn % -2n*2%) Sy +

2 X (41+612+213+21m+312m+13m—m3—1m3+2ln+312n+
2+ 1



IntegralsCKsTestSuite-FindCT.nb | 9

Cnem®n+lm®nsmn?+lmn?2-n®-1n®+821+161A+6 12 A +4ma+
8lma+3Tma-2m*a-21m*A-m®Ax+4n2x+81lnx+31%2na+
Amna+dlmna+m®na-2n22-21rx+smn?a-nd1+822+41 2%+
4m)kz+21mkz—2m2/\2+4nkz+2ln)kz+4mn)tz—2n2)tz>}}}}

Test[x BesselJ[1l, a x] BesselI[1l, a x] BesselY[0, x] BesselK[0, x], Der[x], {Der[a]l}]
{5.26713, {{_a D, -2},

5 a? 5a 3x as a

H;DzDz——D D3 4 D4 - D3 - D2
4(-1+a%) x 4 (-1+a% o 8 (-1+a%)  (-1+a%)x®  (-1+at)x®
3 1 5 a? 7
DX+7aDaD§+ D3 - 2 D2 - 2 D, Dy +
2(-1+a4)x 2(_1+a4) 2(-1+a4) x3 2(—l+a4) x2
3 X 5a 5 5+ 12 x* +20 a* x*
D2+ D, - Dy + }
8(—l+a4>x (—l+a4> x3 8(—l+a4) x2 8(—l+a4) x3

Test[x BesselJ[1l, a x] BesselI[1l, a x] BesselY[0, x] BesselK[0, x], Der[a], {Der[x]}]

{3.34815,
3 n4 2 13 2 3 a4 3 312 2 2 2R3 833 2
{{x D} + 4 x2D3 + x D2 - Dy + 4 x },{{_Da-4a D2D, +6a2 xD, D2~ 4ax?D3+ D2 -
X X
13 a2 3a
12 22D, D, + Da-zaDX+—}}}}

X X
Test[(c+Ixu*xSqrt[l-c”2])An/Sqrt[1-u”2], Der[u]l, {S[n], Der[c]}]

{0.697364, {{(1+n) Sp+ (1-c?) De+ (-c-cn), (-1+c?)D2+2¢cDc+ (-n-n?)},

Hlfuz s, 7c+cu2},

u u
-cn+cnu? . c2n-nu?+nu*-c?nu? }}}}
+
(-1+c?)u (-c?-u?+c?u?) ) (-1+c?)u (-c?-u?+c?u?)

Test[Exp[x] *x" (-a/2) /n! xExp[-t]*xtA(n+a/2) xBesselJ[a, 2 (t*x)"(1/2)],
Der[t], {S[n], S[a], Der[x]}]
{0.88894, {{(1+n)S,-xDy+ (-1-a-n+x),

-xDi+ (-1-a+x) Dy-n, -xSZ+ (-1-a-x)Dy+ (-n+x) }, {{t}, {t}, {t}}}}

Bivariate rational integrands

f=1/(1-y-x/y-x(1-y"2))
1

X 2
1-0-y-x (1-y?)

Our routine Test does not work directly on these examples, but Christoph Koutschan suggested
changing the order of the derivations below, which solves the problem:
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ann = Annihilator[f, {Der[y], Der[x]}]

{(—x+y—xy—y2+xy3) Dy+ (-1-y+y?), (—xy+y2—xy2—y3+xy4> Dy+(x—y2+2xy3)}

CreativeTelescoping[ann, Der[y], {Der[x]}]
{{(-1+15x-96x*+335x>-592 x*+335x°+345x°) D] +
(10 -88 x +370 x* - 852 x> + 550 x* + 1380 x°) Dy + (-12+30 x + 72 x* - 120 x> + 690 x*) },
{(x2—6x3+48x4—155x5—2xy+14xzy—lO8x3y+406x4y—310x5y+y2—7xy2+
59 x?y?-219x3y?+213x*y?-285x°y? -2y + 16 xy - 118 x2 y3 + 444 X3 y3 -
518 x*y2+400 x° y3 +y* -5 xy*+26x2y* 10 x3y*-368 x*y*+395 x° y* -2 xy° +
20x%y® - 116 x> y° +330 x* y* - 260 x° y°) / (x*y (-x+y-xy-y*+xy?))}}

Do[f = 1/ (1-y-x/y-x*(1-yrd));
ann = Annihilator [f, {Der[y], Der[x]}1;
tt = Timing[CreativeTelescoping[ann, Der[y], {Der[x]}11;

Print[d, "™ ", tt[[1]]], {d, 12}]
1 0.033569
2 0.068004
3 0.209392
4 0.522707
5 1.15317
6 2.32629
7 4.42407
8 7.49206
9 12.6601
10 20.6163
11 32.7544
12 51.1272

Bivariate Hyperexponential Integrals

f = (62*xx-85%xy-26) *SqQrt[(-99*x+33 %y +62) / (-66%*X-63%y+29)]
Exp[(-51%*x+86%xy-54) / (-51x*x-12%xy+68)]/ (-44*xx-y+87T) "5

5451486y 62-99x+33y 5
e 685112y (26 +62Xx-85Yy) B / (87 -44x-y)
29-66x-63y

Here, exchanging the order of the derivations does not help, so we use FindCreativeTelescoping
instead of CreativeTelescoping:

Timing[FindCreativeTelescoping[f, Der[y], {Der[x]1}]11[[1]]
18.5605
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? FindCreativeTelescoping

FindCreativeTelescoping]f, {d1, ..., dj}, {op1, ..., opk}] or FindCreativeTelescoping[ann, {d1, ..., dj}] finds
creative telescoping relations for the given function f (resp. in the given 8-finite ideal ann
annihilating some function f). In particular it returns {{p1, ..., pm}, {{q11, ..., q1j}, ..., {gm1, ..., gmj}}},
wherein all entries are OrePolynomials such that pi + d1xqil + ... + dj*qij is in the annihilator of
f forall 1 <=i <= m. FindCreativeTelescoping makes an ansatz with explicit denominators, in
contrast to Chyzak's algorithm (see the command CreativeTelescoping) where the denominators
have to be computed later. Modular computations are used to get the denominators right.

The following options can be given:

Degree —> n: to limit the degrees of the summation/integration
variables in the numerators by n (each variable separately).

Support —>{...}: to give the support of the telescoper.

Mode -> Automatic: finds the right ansatz and does the non-modular computation automatically.

Mode —> FindSupport: does only the modular computations and returns a list of options
specifying the ansatz which can again be given to FindCreativeTelescoping again.

Mode -> Modular: takes a fixed ansatz and computes homomorphic images (to
be specified by the options OrePolynomialSubstitute and Modulus, and
FileNames has to give a StringForm where on the disk to store the results).

Denominator —> d: to give a common denominator that is
tried for finding a creative telescoping relation.

"MinimizeDenominators" —> True: whether to minimize the

denominators in the delta parts using homomorphic images.

A bigger example:

f = (62%xXx-85%xy-26) *xSqQrt[(-99%*Xx+33 %y +62) / (-66%*X-63%y+29)] *
EXp[(-99 % X"2+62%xX*xYy+23%xy"2+40*xX+41%xy-87)/
(-53%*X"2+9%X*xy+44xy"2-89%x+40*xy +98)] / (-44+x-y+87) "5

-87+40 x-99 x2+41 y+62 x y+23 y? 62 -99 x + 33 y
@ 98-89x-53x2+40 y+9 x y+44y? (—26+62X—85 y) / (87—44X—y)5
29-66x-63y

TimeConstrained[

Timing[FindCreativeTelescoping[f, Der[y], {Der[x]}]], TimeBound]

(s255.42, {{ (@) o3 - (@ED) 0! - (EED) 03 -
(= i () 0. (). (( SB))))

large output show less show more show all set size limit...
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Bivariate Mixed Terms

f = (1+x/ (N"2+1)) % ((X+1)"r2/ (x-4)/ (x=-3)"2/ (x*r2-5)"3)" "nx
Sqrt[x"2-5] *Exp[(x*3+1) /x/ (x-3)/ (x-4)"2]

n

1 2
(L0 A/ -5+ x?

(~4+x) (-3+x)2 (-5+x2)°

14x3 X
e ! 44x)2 (-34x) X (l +

1+n?

Test[f, Der[x], {S[n]}]
SAborted

Test[((z"2-1)/2/ (z-x))"nx (1-2z) alphax (1+2z)*beta/ (z-x), Der[z], {S[n]}]
{0.3184,
{{ (16 + 16 alpha + 4 alpha® + 16 beta + 8 alpha beta + 4 beta” + 32 n + 20 alpha n + 2 alpha’

n+20 betan+4alphabetan+2beta’n+20n+6alphan’+6betan’+4n®) s’
(-3 alpha® - alpha® - alpha® beta + 3 beta® + alpha beta® + beta® - 2 alpha® n +
2 beta®n-24 x-26alphax-9alpha? x - alpha® x - 26 beta x -
18 alpha beta x - 3 alpha? beta x - 9 beta? x - 3 alpha beta? x - beta® x -
52nx-36alphanx-6alpha’?nx-36betanx-12alphabetanx-
6 beta’nx -36n”x-12alphan’®x-12betan®x-8n>x) Sy+
(8 + 10 alpha + 2 alpha® + 10 beta + 12 alpha beta + 2 alpha’ beta +
2 beta® + 2 alpha beta?+ 20 n+ 16 alphan+2alpha?n+ 16 betan +
8 alphabetan+2beta’n+16n’+6alphan®+6betan’+4n’)},
{{ _ (-4 -4 alpha-alpha® -4 beta- 2 alphabeta-beta’-6n-3alphan-
2 (x-2)
3betan-2n?-4alphax-alpha®x+4betax+beta®x-2alphanx+2betanx+
4 alphaz+alpha?z-4betaz-beta?z+2alphanz-2betanz+8xz+
6 alphax z+alpha’?xz+6betaxz+2alphabetaxz+beta?xz+12nxz+
4alphanxz+4betanxz+4n?xz+2alphaz?+alpha®z?+2betaz’+
2 alpha beta z? + beta? z% + 2 alphan z? + 2 betan z? + 4 alpha x z? + alpha® x z° -
4 beta x z2 - beta® x z2 + 2 alphan x z> - 2 betan x z2 - 4 alpha z° - alpha? 23 +
4 betaz®+beta’?z®-2alphanz®+2betanz®-8x2z®-6alphaxz®-alpha’?xz®-
6 betaxz®-2alphabetaxz®-beta’?xz®-12nxz>-4alphanxz®-4betanxz®-

4n2xz3+4z4+2alphaz4+2betaz“+6nz4+a1phanz“+betanz“+2nzz4)}}}}L

Test[(1+Xx) " (100*n) /x"(n+1), Der[x], {S[n]}]
$Aborted

f = 4% (X% (12%x+10)72/ (87 *x+37))"*(-n-1) *
X% (6%X+5) * (1044 * Xx"2 +666 * X +185) / (87 *x +37) "2

//@7+87xﬂ

x (10 +12x)2) " 5
4x (5+46X) |— (185 + 666 x + 1044 x*)

37 +87x
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Test[f, Der[x], {S[n]1}]

{0.336258, {{ (28968000 + 244240 000 n + 255174000 n’ + 70 148000 n*) S +
(521424 + 98781996 n + 222482304 n” + 104077896 n°) S, +
(-61679781 n+69142815n% + 108433494 n°) },

{{(91707 256500 + 773218045000 n + 807 833038 875 n” + 222075415250 n° +
1458956818875 x + 8163839566200 n x + 8481824965275 n% x +
2457048480900 n3 x + 7570839656 925 x* + 35954556 193260 n x? +
39151775566 800 n* x* + 12516 065579160 n® x* + 18649 288 387 656 x° +
87366431049066 n x> +103874052113856 n” x> +37075911988986 n° x> +
24306010315344 x* +129682851318018 n x* + 172427616936 846 n? x* +
67813119407592 n°® x* + 16295493624 192 x° + 118502478507 744 n x> +
177570940399128 n? x° + 75363955515576 n° x° + 4316 597 793504 x° +
60389698114656 n x° + 102 026347610400 n? x°® + 45953247289248 n® x°® +
13909037334624 nx’ +26135130650112n° x' +12226093315488n° x') /

((1+n) x (5+6x)° (185+666 x+1044 x*))}}}}

f=4% (X% (T6%xx"2-90%X+92)"2/ (82%Xx"2+58%x+65))"(-n-1) *

X% (38 *X"2-45 % X +46) *

(9348 * X"4 + 5126 *» X3 +3358 * X"2 -8775 % x +2990) / (82 % x"2+58 *Xx +65) "2
-1-n

x (92 -90 x + 76 x?)°
4x(46-45x+38xﬂ

65 + 58 x + 82 x?

(2990 - 8775 x + 3358 x* + 5126 x° + 9348 x*) /(65+58x+82x2)2

Test[f, Der[x], {S[n]}1[[1]]
4.27648

f = (X% (33%*X"4-59%*x"3-9%xx"2+22%xx-99)72/
(86 % X"4 -37%*x"3+94%x"2+80%x-31))"
(-n-1) *X* (33*X"4-59%*x"3-9%x"2+22%x-99) *
(14190 » x"8-22548 » X "7 + 29672 *» Xx"6 -7836 * Xx"5-14523 » x4 + 4665 x» x "3 +
14221 *x"2-2046 * x +3069) / (86 * Xx"4 -37*x"3+94%xx"2+80%xx-31)"2

x (-99+22x-9x*-59x%+33x%)

((x(-99+22x-9x2-59x3+33x4)2)/(-31+8@x+94x2-37x3+86x4))’1’n
(3069—2046x+l4221x2+4665x3—l4523x4—7836x5+29672x6—

22548x7+14190xﬂ

/(-31+80x+94x2-37x3+86x4)2

Test[f, Der[x], {S[n]}]1[[1]]
611.192
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Integrals with Gegenbauer polynomials

f = x*1 » GegenbauerC[m, mu, x] * GegenbauerC[n, nu, x] * (-x*2+1)A (nu-1/2)

x* (l— xz)ffmu GegenbauerC[m, mu, x] GegenbauerC[n, nu, Xx]

Test[f /. 1> 0, Der[x], {S[m], S[n], S[mu], S[nul}]
{2.30963,
{{(—4nu+m2nu+4munu+2mmunu—4nnu+2munnu—nznu—8nu2+4munu2—4nnu2—

4nu®) Spu+ (n-mun+n®-mun®+2nu-2munu+5nnu-

4munnu+n®nu+6nu’-4munu’+4nnu’+4nu’),

(-4mu®+4munu) Sy, + (M +4mmu+4mu’-n*-2mnu-4munu-2nnu),

(8-2m*-8mu-4mmu+20n-3m’n-16mun-6mmun+18n?-m’n’ -
10mun?-2mmun?+7n®-2mun®+n*+16nu-8munu+32nnu-
12munnu+20n2nu—4munznu+4n3nu+8nu2+12nnu2+4n2nu2) Sﬁ+

(m2n+2mmun+m2n2—2mun2+2mmunz—n3—2mun3—n4+2m2nuJr
4mmunu+4m’nnu-4munnu+8mmunnu-2n®nu-

8 mun’nu-4n®nu+4m’nu’+8mmunu’-8munnu’-4n’nu?),
(24m+3n+mn+n’®+2nu+2nnu) SpSy+ (-mn-2mun-n®-2mnu-4munu-2nnu),
(-4-4m-m’+n®>-4nu-2mnu+2nnu) S+

2 (-munu+munu x?)

(m?+4mmu+4mu’-n?-2mnu-4munu-2nnu)}, {{7 Spu Shu +
X

1 2 2 2 2 2.2
—(—nu—mnu—Zmunu—nnu—Znu +2nux?+mnux?+nnux +2nux)$nu+
X

1 2 2 2 2.2 2 2 2.2
—(n+n®+2nu+4nnu+4nu’-nx®-n*x*-2nux*-4nnux —4nux)},
2 X

2 (-mu+mu x*) 2 nu 1
{——Smu— Snu+—(—m—Zmu+n+2nu+mx2+2mux2—nx2—2nux2>},
X X X
1

{— —8 (-mu nu -munnu-munu®+munux®+munnux?+munu? x?) Spy Spy +
X
1 2 2
— 4 (—nu—mnu—Zmunu—Znnu—mnnu—Zmunnu—n nu -3 nu® -
X

mnu?-2munu?-3nnu?-2nu®+2nux?+mnux?+3nnux’+

mnnux®+n®nux® +4nu® x* +mnu? x>+ 3nnu’ x? +2nu’ x?) Sy -
1 2 3 2 2 2 3 2
—2(—n—2n -nN"-2nu-7nnu-5n"nu-6nu° -8nnu°-4nu” +nx° +
X

2n2x2+n3x2+2nux2+7nnux2+5n2nux2+6nu2x2+8nnu2x2+4nu3x2)},

Snu Snu + Shu +
(L+m) x (L+m) x X

{4<—munu+munux2) 2 (-Nnu+2munu) n+2nu—nx2—2nux2}
J

{((8 (—munu—mmunu—muznu+munux2+mmunux2+mu2nux2))/((2+3m+m2) x))

1
SmuSnu+—4(Zmu+3mmu+m2mu+2mu2+mmu2+mun+mmun+

<2+3m+m2) X

muln+2munu+2mmunu+2muZnu-4mux®-6mmux?-2m?mux?-
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4muZxZ-2mmuZx®-2munx?-2mmunx?-2mu?nx®-4munux?®-
4mmunux?-4mu?nux?+2mux?+3mmu x* +m?mu x? + 2mu? x* + mmu? x* +
munx4+mmunx4+mu2nx4+2munux4+2mmunux4+2mu2nux4) Shu +

1
((4 (-nu-mnu+munu+2mmunu+2mu?nu)) /((2+3m+m?) x)) Sp, +

(2+3m+m2 X

2 (-2m-3m*-m’-4mu-8mmu-3m’ mu-4mu’-2mmu*+n+mn-mun-2mmun -
2muln+2nu+2mnu-2munu-4mmunu-4mu?nu+2mx?+3m?x?+m x?+
amux?+8mmux2+3mmux?+4amuixZe2mmu x2-nx?-mnxZ+munx?+2mmu

nx2+2mu2nx2—2nux2—2mnux2+2munux2+4mmunux2+4mu2nux2)}}}}

Test[f, Der[x], {S[m], S[n], S[1], S[mul, S[nul}]
{5.42463,

{{(—64nu—321nu—412nu+4m2nu+32munu+81munu+8mmunu—32nnu—81nnu+
8munnu-4n®nu-128nu®-481nu®-41°nu®+4m?nu’+
48munu?+8lmunu?+8mmunu?-48nnu?-81lnnu?+8munnu?-
4n?nu®-80nu’-161nu’+16munu®-16 nnu’-16 nu*) S7, +

(—4mu2n—4mu2n2—8mu2nu+4munnu—16mu2nnu+4mun2nu+
8munu? - 16 mu? nu? + 16 mu n nu? + 16 mu nu3) Smu +
(72nu+281nu+2 1 nu-6m’ nu-48munu-121Tmunu-12mmunu+80nnu+
20lnnu-4m’nnu-48munnu-8lmunnu-8mmunnu+30nnu+
41n’nu-12mun®nu+4ndnu+184nu?+60 1nu?+412nu?-8m?nu?-
96 mu nu? - 16 Lmu nu? - 16 mmu nu? + 140 n nu? + 24 1 n nu? - 48 mu n nu? +
28n2nu?+160nud+321nu®-48munu’+64nnu’+48 nu4) Shu +
(—6n—1n+m2n+6mun+4mmun+4mu2n—lOn2—1n2+m2n2+10mun2+4mmun2+
4muln?-5n*+4mun®-n*-12nu-21nu+2m?nu+12munu+8mmunu+8mu®nu-
46nnu-6lnnu-2mnnu+4m?nnu+36munnu+l6mmunnu+16mu®nnu-
38nfnu-21n?nu-2mn?nu+20mun?nu-10n3nu-52nu?-81nu?-4mnu?+
4m*nu?+32munu?+16mmunu®+16munu?-92nnu?-81nnu>-8mnnu?+
32munnu®-36n°nu’-72nu’-81nu’-8mnu®+ 16 munu’®-56nnu’-32nu?),
~4munu Sy, Spu+ (-4nu-2Tnu+2mnu+4munu-2nnu-4nu?) Sy, +
(n+n*+2nu+4nnu+4nu?),
(8mu+16mu?+8mu®-8munu-8mu’nu) S, +
(-8mu+2Tmu-8mmu-2m*mu-20mu®+4T1mu?-12mmu? - 16 mu® -
4mu?n+2mun’+12munu+8mmunu+8mu’nu+8munnu+8munu’) Sy, +
(8nu+81lnu+21?nu-2m’nu-8munu-4Tlmunu-4mmunu+8nnu-+
4lnnu-4munnu+2n®nu+16nu”+81nu”-8munu’+8nnu’+8nu’) Sy +
(71m+m2—1m2+m3—21mu+4mmu—4lmmu+6m2mu+4mu274lmu2+12mmu2+8mu3—
2n-ln+m*n+2mun+4mmun+4mu>n-3n-1n’-mn’-n®-4nu-21nu-2mnu-
12nnu—41nnu—4mnnu—6n2nu—12nu2—41nu2—4mnu2—12nnu2—8nu3),
(-18nu-121nu-21nu+2m’nu+12munu+4lmunu+4mmunu-12nnu-
4lnnu+4munnu-2n®nu-24nu’-81nu’+8munu®-8nnu’-8nu®) Sy Sy, +
(N+ln+mn+Imn+2nu+21lnu+2mnu+21lmnu) S, +
(-2-31-1"-3n-41n-Vn-n*-1n’-2nu-21nu-2nnu-21nnu) S,+
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(5n+41n+12n—mn—lmn—4mun—21mun+3n2+1n2—2mun2+10nu+
8lnu+21nu-2mnu-21mnu-8munu-41lmunu+16nnu+6Llnnu-

gmunnu+2n®nu+20nu’+81nu’-8munu’+8nnu’+8nu’) Sy,
(-4mu?+4munu) Sy Spu+ (L+1+m+1m) Sp+ (-1-1-n-1n) Sy+
(—m—lm+m2—2mu—21mu+4mmu+4mu2+n+
1n—n2+2nu+21nu—2mnu—4munu—2nnu) S,
(4+41+1-m-4mu-21mu-2mmu-4n-21n+2mun+n?) S+
(4mu2—4munu) Smu + (—8nu—4lnu+4munu74nu2) Shu + (72—31712+2mu+
2lmu—2mmu—4mu2+4n+21n—2mun+6nu+2'Lnu+2mnu+2nnu+4nu2>,
(18nu+121nu+212nu—2m2nu—lZmunu—41munu—4mmunu+30nnu+
16lnnu+212nnu-2m’nnu-16munnu-4lmunnu-4mmunnu-+
14nnu+41lnfnu-4mun®nu+2n3nu+24nu?+81nu?-8munu?-+
32nnu?+81nnu’-8munnu?+8n®nu’+8nu’+8nnu’) S, Sy, +
(-2n-21n-2mn-21mn-2n*-21n’-2mn*-21mn*-4nu-41lnu-4mnu-
4lmnu—6nnu—61nnu—6mnnu—61mnnu74nu2741nu274mnu2—4lmnu2) S+
(75+12+m2+6mu+21mu+2mmu—l4n+212n+2m2n+14mun+4'Lmun+
4mmun-14n?+12n?+m?n?+10mun?+21lmun?+2mmun®-6n3+2mun-n*-
22nu-6lnu+2m’nu+l6munu+4lmunu+4mmunu-44nnu-8lnnu+2m?nnu=+
24munnu+4lmunnu+4mmunnu-28nnu-21n?®nu+8mun?nu-6nnu-24nu?-
4lnu2+8munu2—36nnu2—4lnnu2+8munnu2—12n2nu2—8nu3—8nnu3) Sp +
(—n—zlnflzn+2mn+21mn—m2n+2mun+21mun—2mmun—n2—21n2—
’n?+2mn?+21tmn?-m?n?+4mun?+21tmun?-2mmun?+nd+2mun+
nN-2nu-4lnu-21nu+4mnu+4lmnu-2m?nu+4munu+41lmunu-
4Ammunu-2nnu-4lnnu-212nnu+6mnnu+6lmnnu-4m?nnu-+
Smunnu+4lmunnu-8mmunnu-21nZinu+8mun®nu+4ndnu+4mnu?+
4lmnu2—4m2nu2—8mmunu2—4nnu2—41nnu2+8munnu2+4n2nu2) S,
(—4mu2—4mu2n+4munu+4munnu) S Smu +
(N+ln+mn+Imn+2nu+21lnu+2mnu+21lmnu) S, +
(—2mu—21mu+2mmu+4mu2—n—1n—2mun—21mun+2mmun+
4mun-n’-Tn*-2mnu-4munu-2mnnu-4munnu) S,+
(-mn-lmn+m’n+2mmun+n®+1n®-2mun®-n®-2mnu-21mnu+2m’nu+4mmunu+
2nnu+21nnu—4munnu—2n2nu) St1, (1+Nn) SpS1+2nuSy+ (-n-2nu),
(2+3n+n?) SA+ (4nu+4nnu+4nu?) Sy + (-n-n*-2nu-4nnu-4nu?),
(-6nu-2Tnu-2mnu-2nnu-4nu?) S, Sy, +
(2n+mn+n’*+4nu+2mnu+4nnu+4nu?) Sp+ (-1-1-n-1n) Sy+
(n+ln-mn-2mun-n*+2nu+21nu-2mnu-4munu-2nnu) Sy,
(-4mu?+4munu) SpSpu+ (1+1+m+Tm+2mu+2mmu+4mu’-2nu-2mnu-4munu) Sy+
(-1-1-n-1n) Sn+<7m—1m+m2—2mu—21mu+4mmu+
4mu2+n+1n—n2+2nu+21nu—2mnu—4munu—2nnu) S,
(—2—1—3m—1m—m2+n+mn) Sm51+(4mu2—4munu) Smu +
(—4nu—21nu+2mnu+4munu—Znnu—4nu2) Shu +
(m+lm+2mu+2Tmu-2mmu-4mu?+n-mn-2mun+n’+2nu+4nnu+4nu’),

(L+l+m+lmen+lnsmn+lmn) SpSy+ (~4mu”n-8mu’nu+4munnu+8munu?) Sy, +
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(4nu+2lnu+2mnu+21mnu—2m2nu—4munu—4mmunu+6nnu+21nnu—
4munnu+2n®nu+12nu®+4 Lnu®-8munu?+8nnu’+8nu’) Sy, +

(-n-mn-Tmn+m’n-2Tmun+4mmun+4mu>n-2n*+2mun’-n’-2nu-
2mnu-21mnu+2m*nu-41lmunu+8mmunu+8mu’nu-8nnu-
2mnnu+4munnu—6n2nu—8nu2—4mnu2—12nnu2—8nu3),

(-4-21-8m-31m-5m*-1m’-m>+2n+3mn+m’n) S7+

(8 mu?+ 8 mmu?+ 8 mu’ -8 munu-8mmunu-_8mu’nu) Spy,+

(78nu—4'Lnu—4mnu—4lmnu+4m2nu—41munu+12mmunuJr
8mu2nu—4nnu—4mnnu—4munnu—8nu2—8mnu2—8munu2) Shu +

(1m—m2+1m2—m3+2lmu—4mmu+41mmu—6m2mu—4mu2+41mu2—12mmu2—
gmuP+2n+mn-m*n-4mmun-4mu’n+2n+2mn®+2mun®+4nu+
4mnu+4munu+8nnu+8mnnu+8munnu+8nu’+8mnu’+8munu’)},

{{8 (-munux-munnux-munu®x+munux®+munnux +munu® x3) Sy, Spy -

Simun?x3+2munu Xy

2 (—munx—munzx—Zmunux—4munnux—4munu2x+munx
4munnux®+4munu®x®) Sy -2 (-6nux-2Tnux-2mNUux-4munux-7nnux-
2lnnux-2mnnux-4munnux-n’nux-8nu?x-21nu?x-2mnu?x-
4munu?x-2nnuix+8nux+2lnux®+2mnux®+10nnux®+21nnux®+
2mnnux3+2nznux3+12nu2x3+21nu2x3+2mnu2x3+6nnu2x3+4nu3x3) Shu +

(—4nx—1nx—mnx—5nzx—1n2x—mnzx—n3x—8nux—21nux—2mnux—

20nnux-4lnnux-4mnnux-6n°nux-20nu>x-41nu®x-4mnu?x-
L2nnu?x-8nudx+4nx3+1nxd+mnx®+5n2x3+1n?2x3+mn?2x3+n®x3+
8nuxd+21lnux®+2mnux®+20nnux3+4lnnux®+4mnnux®+6n?nux®+
20nu” x* +41nu? x +4amnu®x® + 12 nnu” x>+ 8nu® x3) }, (2 nux Syl
{4munux Sy, S, -2 (mu+2mu2) X Spu - 2 <2nu+1nu+mnu+nnu+2nu2) X Spu +
(m+m?+2mu+4mmu+4mu’®) x},
{-4 (-munu+munux®) SpySpu+2 (-2nu-Tnu-mnu-2munu-nnu-2nu®+
3nux®+lnux®+mnux®+nnux®+2nu?x*) Spp+ (2n+1ln+n*+4nu+21nu+
4nnu+dnu’-2nx>-Tnx*-n’x*-4nux®-21nux*-4nnux’-4nux*) },
{-2 (—mu+mux2) Smu—ZnuSnu+(—m—2mu+n+2nu+mx2+2mux2—nx2—2nux2)},

{

2 (-mux+mux®) Spu+2nux Sy + (2x+ Ixsmx-nx-2x>-1x>-mx*+nx3)},

{8 (-munu-munnu-munu?+munux?+munnux®+munu® x?) Spy Sy -

4(—Znu—lnu—mnu—zmunu—3nnu—lnnu—mnnu—Zmunnu—n2nu—4nu2—lnu2—
mnuZ-2munu?-3nnu?-2nud+3nux?+lnux®?+mnux?+4nnux®+1lnnux?+
mnnux®+n®nux?+5nu’ x*+ Lnu? x> +mnu? x* + 3nnu® x? + 2 nu® x*) Sy, +

2(-2n-1n-3n’-1n’-n*-4nu-21nu-10nnu-31nnu-5n*nu-8nu’-
21nu?-8nnu?-4nu®+2nx2+1nx?2+3n?2x2+1n?x?+n®x2+4nux?+21nux®+
1ennux?+31lnnux®+5n?nux®+8nu’x?+21nu?x*>+8nnu’x*+4nu’x?)},

{—2 (—mun—Zmunu+munx2+2munux2) Smu -2 (2munu+nnu) Spy +

(—mn+n2—2mnu+2nnu+mnx2—n2x2+2mnux2—2nnuxz)}, {0}, {0},

4 (-munu+munux?) 2 (-nu + 2 mu nu) 5 )
{ Sy Snu + Spu+ (N+2nU-nx -2nux)},
l1+m l+m

{-2 (—mu+mux2) Smu—ZnuSnu+(—m—2mu+n+2nu+mx2+2mux2—nx2—2nuxz)},

{2 (-mux+mu x3) Smu + 2 NU X Sy} s
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4 (—mu nu + mu nu x2>

{ SmuSnu——2(—mun—Zmunu+munx2+2munux2)Smuf
X X
1 2 2 2 2.2 1
72(—mnu—2munu+nux +mnu x?+nnux +2nux)$nu+7
X X

(—mn—Zmun—2mnu—4munu+mnx2+2munx2+2mnux2+4munux2)},

{4 (-mux-mmux-mu?x+mux®+mmux®+mu® x3) Spy+4 (NU+mnu+munu) xsnu}}}}

F = (x+a)?(g+lambda-1) » (a-x) " (beta-1) *
GegenbauerC[m, g, x / a] » GegenbauerC[n, lambda, x / a]

-l+beta
) (

-1l+g+lambda X X
(a-x a+ X) GegenbauerC|m, g, —| GegenbauerC|n, lambda, —
a

a
Test[f, Der[x], {S[m], S[n], Der[a], S[beta]}]
{2.23597, {{Speta-1, Da,
(4n+2Tln+4mn+Imn+m’n+2n®+21n’+3mn*+Imn*+m’n’-2n°-mn’+8nu+
41lnu+8mnu+2tmnu+2mnu+8nnu+6lnnu+lOmnnu+3lmnnu+3m’nnu-
6n2nu—3mn2nu+8nu2+4lnu2+8mnu2+21mnu2+2m2nu2—4nnu2—2mnnu2) S§+
(—2—21—2m—21m—2mu—21mu—4n—41n—4mn—41mn—4mun—41mun—2n2—
21n?-2mn?-21mn?2-2mun?-21mun®’-2nu-21lnu-2mnu-21lmnu-2munu-
21munu—2nnu—21nnu—2mnnu—21mnnu—2munnu—21munnu)SmSn+
(4+21+2m+21m-2m*+21mu-6mmu-4mu’+8n+31n+5mn+31mn-
3m*n+2mun+31lmun-9mmun-6mu’n+5n+1n?+4mn®+1mn?-
m2n?+3mun?+tmun?-3mmun®-2mu?n?+n®+mnd®+mun®+4nu+4mnu+
4munu+6nnu+6mnnu+6munnu+2n2nu+2mn2nu+2mun2nu) Sﬁ+
(—1n+mn+2mun+lmun—mmun—2mu2n+n2—ln2+mn2+mun2+1mun2—
mmun?-2mun?+n®-mun*-21lnu+2mnu+4munu+2Llmunu-
2mmunu-4mulnu+2nnu-4lnnu+4mnnu-Tmnnu+m?nnu+
emunnu+2lmunnu-4mulnnu+4n?nu+mn®nu-2mun®nu-41nu?+
4mnu2—21mnu2+2m2nu2+8munu2+4mmunu2+4nnu2+2mnnu2),
(4+41—4m+12n+81n—8mn+13n2+51n2—5mn2+6n3+ln3—mn3+
nN*+2nu+21lnu-10mnu+13nnu+31lnnu-1lmnnu+12n®nu+
In*nu-3mn*nu+3n®nu-4mnu®+4nnu’-2mnnu®+2n’nu?) S, Sk +
(-18-61+6m+12mu-39n-111n+11mn+22mun-29n°-61n°+
e6mn?+12mun?-9n°-1n®+mn*+2mun®-n*-30nu-61nu+
6mnu+12munu-43nnu-5lnnu+5mnnu+10munnu-20nnu-
1n2nu+mn2nu+2munznu—3n3nu—12nu2—10nnu2—2n2nu2) Sﬁ+
(—2n—21n—2mn—n2—31n2—3mn2+2n3—1n3—mn3+n4—4nu—4lnu—4mnu—
7nnu-11lnnu-1lmnnu+6n®nu-51nnu-5mnnu+5n*nu-10nu?-10 1 nu?-
1omnu?+2nnu?-81lnnu?-8mnnu?+8n’nu’-4nu’®-41nu’®-4mnu®+4nnu®) s, +
(-2+21+2m+4mu-7n+51n+5mn+10mun-9n’+41n*+4mn’+
gmun?-5n¥+1nd+mn®+2mun®-n*-8nu+81nu+6mnu+12munu-
2lnnu+131lnnu+9mnnu+18munnu-18n’nu+51n®nu+3mn?nu+
emun®nu-5n®nu-10nu?+10 1nu?+4mnu+8munu’-18nnu’+
8lnnu?+2mnnu?+4munnu’-8n°nu’-4nu’®+41nu’-4nnu®)s,,

(384+l921+2412—24m2—192mu—481mu—48mmu+992n+4481n+5012n—
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50m*n-448mun-100 Tmun-100mmun+984n%+3801n?+3512n%?-35m?n? -
380mun?-70 lmun®-70mmun?+490n°+150 1n®+101*n*-10m* n® -
150mun®-20Tmun®-20mmun®+131n*+281n*+12n*-m’n*-28mun’-
2lmun*-2mmun*+18n*+21n°-2mun®+n®+768nu+2881nu+241%nu-
24m?nu-288munu-481munu-48mmunu+1504nnu+4561nnu+261%nnu-
26m*nnu-456munnu-52Tmunnu-52mmunnu+1136n?nu+2641nnu+
91 n’nu-9m’nnu-264mun®nu-181mun®nu-18mmun?nu+414ndnu-+
66 lnPnu+1Pn*nu-m®nPnu-66mun®nu-21Tmun®nu-2mmun3nu+73n*nu-+
61ln*nu-6mun®nu+5n°nu+480nu?+961nu?-96munu’+712nnu’+
104 Lnnu? - 104 mu n nu? + 388 n? nu? + 36 1 n? nu? - 36 mu n? nu? + 92 n® nu? +
41n’*nu?-4mun’nu’®+8n?nu?+96nu’+104nnu®+36n°nu+4n’nu’) s+
(24+241+24m+241m+68n+681n+68mn+681mn+68n°+681n”-+
68mn?+681mn?+28n*+281n*+28mn*+281mn®+4n*+41n*+4mn*+
41mn*+92nu+921nu+92mnu+921lmnu+180nnu+180 Lnnu+180mnnu+
180 lmnnu+108n°nu+1081n%nu+108mnnu+108 1mn?nu+20nnu+
20 ln*nu+20mn®nu+20tmn®nu+112nu?+112 Lnu?+112mnu?+112 Tmnu? +
132nnu?+1321nnu?+132mnnu?+1321mnnu?+36n?nu?+361n%nu?+
36mn?nu?+361mnZnu?+52nud+521nud+52mnu®+521Tmnud+28nnu+
281nnu3+28mnnu3+281mnnu3+8nu4+81nu4+8mnu4+81mnu4) Sm Sh +
(48—721—2412—24m—241m—144mu—48lmu+l36n—192ln—5612n7
56mn-561mn-384mun-1121mun+148n°-1941n°-4612n’>-46mn? -
46 1mn?-388mun?-921mun?+78n*-941n*-161°n*-16mn*-161mn°-
188mun®-32Tmun®+20n*-221n*-21?n*-2mn*-21mn*-44mun*-
41mun*+2n°-21n°-4mun®+216nu-140 1nu-3612nu-68mnu-681mnu+
16m°nu-376munu-104 lmunu+32mmunu+496nnu-2941nnu-621%°nnu-
102mnnu-1021mnnu+24m*nnu-748munnu-1561lmunnu+48mmunnu+
430n?nu-2201n?nu-3412n?nu-50mn?nu-50 Lmn?nu+12m?n?nu -
544mun‘nu-76 tmun®nu+24mmun®nu+174n°nu-701n®nu-612nnu-
smn®nu-8lmn*nu+2m®n®nu-172mun®nu-121mun®nu+4mmunnu+
32n*nu-81n*nu-20mun*nu+2n°nu+304nu?-1321nu?-281%nu?-
44 mnu? - 44 Tmnu? + 24 m? nu? - 280 mu nu? - 40 1 mu nu? + 48 mmu nu? + 556 n nu® -
1941nnu?-3012nnu?-42mnnu?-421mnnu®+24m?nnu®-412munnu? -
36 Lmunnu®+48mmunnu®+366n°nu®-921n?nu?-81°n?nu?-10mn?nu? -
10tmn?nu?+6m?n?nu?-200mun?nu?-81mun?nu?+12mmun?nu?+102nsnu?-
141n*nu?-32mun®nu?+10n*nu?+168nu®-721nu®-812nud-8mnu’-
8lmnul+8m?nu-64munud+16mmunu®+236nnu®-681nnu®-412nnu-
4amnnud-4lmnnud+4m?nnud-64munnu®+8mmunnu®+108n?nu-161n%nu’-
16munznu3+16n3nu3+32nu47161nu4+32nnu4781nnu4+8n2nu4) S2+
(l2ln+612n—l2mn—121mn+6m2n—24mun—121mun+l2mmun—12n2+
221n?2+111%n%2-22mn?-221mn?+11m’n®-56mun?-221mun?+22mmun? -
28n*+121n*+61°n*-12mn®-121mn®+6m*n®-46mun®-12 Tmund+12mmun-
23n*s21n*+Pn*-2mn*-21mn*+m®n?-16mun*-21mun*+2mmun*-8n°-
2mun®-n®+241nu+1212nu-24mnu-241mnu+12m?nu-48munu-241munu+
24mmunu-24nnu+781lnnu+3612nnu-78mnnu-781lmnnu+42m*nnu-
180munnu-72lmunnu+84mmunnu-90n?nu+641nnu+2512n®nu-58mnnu-

58 1mn?nu+33m?n?nu-200mun®nu-501mun?nu+66mmun?nu-100nnu+
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20ln*nu+51PnPnu-12mnPnu-121mnPnu+7m?n®nu-90mun®nu-10Tmundnu-+
14mmun®nu-45n*nu+21n*nu-14mun*nu-7n°nu+681nu?+281%nu?-

68 mnu’ - 68 Lmnu? + 40 m? nu® - 136 mu nu® - 56 L mu nu? + 8@ mmu nu? - 68 n nu? +
102 1nnu?+3012nnu?-90mnnu?-90 Lmnnu?+60m?nnu?-260munnu’-

60 Lmunnu?+120mmunnu?-130n?nu?+56 Ln*nu?+81%n? nu?-26mn?nu? -

26 Tmn?nu?+18m?n2nu?-172mun?nu?-16 Lmun?nu?+36mmun?nu?-86n3nu?+
101ndnu?-36mun®nu?-18n*nu?+441nu®+81%nu-44mnu’®-441mnu’+
36m?nu*-88munu®-16 Tmunu®+72mmunu®-44nnu®+52Tnnu®+41°nnu-
24mnnu®-24Tmnnud+20m?nnu®-120munnu®-81munnu®+40mmunnu®-
60n’nu+161ntnud®-40mun?nu®-20n®nud+81nu*-8mnu*-81mnu*+
gm’nu* - 16munu®+16mmunu®-8nnu*+81nnu*-16munnu®-8n*nut)},

{{e}, (0}, {2 <l+m+mu+2n+2mn+2mun+n2+mn2+mun2+nu+mnu+munu+
nnU+mnnu+munnu) xSy Sy-2 (n+mn+mun+n®+mn+mun+2nu+
2mnu+2munu+3nnu+3mnnu+3munnu+2nu?+2mnu?+2munu?) xS, -

2 (L+m+mu+2n+2mNn+2mun+n?+mn?+mun®+nu+mnu+munu+nnu+
mnnu+munnu) xX*S,+2 (n+mn+mun+n®+mn®+mun’+2nu+2mnu+

2munu+3nnu+3mnnu+3munnu+2nu’+2mnu® +2munu?) x},
{-2(2+5n+4n*+n’+3nu+5nnu+2n’nu+nu’+nnu?) x* S, S, +

2 (2n+3n2+n3+4nu+9nnu+4n2nu+6nu2+5nnu2+2nu3) X Sp +

2 (—2x—5nx—4n2x—n3x—7nux—llnnux—4n2nux—7nu2x—
snnu?x-2nudx+4x3+10nx3+8n?x3+2n®x3+10nux3+
16nnux®+6n?nux®+8nu’x®+6nnu’x®+2nu’x®) s, -

2 (2n+3n’+n*+4nu+9nnu+4n®nu+6nu’+5nnu’+2nu’) x*},

{4 (-6x-6mx-17Tnx-17mnx-17n*x-17mn*x-7n®>x-7mn’x-n®x -
mn*x-23nux-23mnNux-45nnux-45mnnux-27n*nux-27mn?nux-
5nPnux-5mn®nux-28nu?x-28mnu?x-33nnu?x-33mnnu?x-
9nnuix-9mninu?x-13nudx-13mnudx-7nnudx-7mnnudx-
2nutx-—2mnutx+12x3+12mx3+34nx3+34mnx3+34n*x3+34mn? X3+
14n3x3+14amndx+2n* 3 +2mn* x3+34nux®+34mnux®+68nnux®+
68mnnux®+42n’nux®+42mnfnux3+8n*nux®+8mndnux®+34nu?xd+
3damnux3+42nnu2xd+42mnnu?x3+12n?nu? x®+12mn? nu? X3+
l4nu3x3+l4mnu3x3+8nnu3x3+8mnnu3x3+2nu4x3+2mnu4x3) Sm Sn -

4(6n+6mn+1ln*+11lmn’+6n’+6mn®+n+mn®+12nu+12mnu+
33nnu+33mnnu+24nnu+24mn®nu+5n®nu+5mndnu+
22nu?+22mnu?+30nnu?+30mnnu?+9n?nu?+9mn?nu?+
122n0®+12mnud+ 7nnud + 7mnnud + 2 ot 2mnut) xS, -

4 (-42x*-121x*-6mx*>-131nx*-341nx*-17mnx* - 153 n’ x* -34 1 n? x* -
17mn?x2-83n°x2-141n®x®-7Tmn®x?2-21n*x®2-21n*x2-mn*x2-2n°x%-
149 nux?-341nux?-23mnux?-351nnux?-681nnux?-45mnnux?-
289n°nux?-421n’nux?-27mn’nux?-99n*nux?-81n*nux®-5mn3nux?®-
12n*nux?-198nu?x?-341nu?x?-28mnu?x?-329nnu?x?-421nnu?x?-
33mnnu? x?2-171nnu?x?-121n?nu? x2-9mn? nu? x> - 28 n® nu? x% -
123nu3x?-141nu®x®-13mnud x?-129nnu®x2-81nnu*x*>-7mnnu® x? -
32nfnudx?-36nutx?2-21nu*x?-2mnu* x2-18nnu* x? -4 nu® x? + 48 x* +

R21x*+12mx*+148nx*+34 lnx?*+34mnx*+170n? x* +34 1n?> x*+34mn? x* +
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0N x*+141nx*+14amndxt e 22nt x* 21 xte2mnt xf 20 xt
160 nux*+341lnux*+34mnux®+374nnux*+68 1 1nnux®+68mnnux*+
304nnux*+421n’nux*+42mn?nux?+102nnux*+81n®nux®+8mndnux®+
12n*nux*+204 nu? x* +34 1nu? x* + 34 mnu? x* + 338 nnu? x* + 42 Tnnu? x* +
42mnnu? x*+174n?nu? x* + 12 1n? nu? x* + 12 mn? nu? x* + 28 n® nu? x* +
124nudx* + 14 1nud x* +14mnu x* + 130 nnu® x* + 8 Lnnud x* + 8mn nu x* +
32n”nu® x*+ 36 nut x* v 2 Lnu* x* + 2mnu® x* - 18 nnut x* + 4 nu® x*) S
4(—18nx—61nx—39n2x—llln2x—29n3x—61n3x—9n4x—1n4x—n5x—
36nux-121nux-123nnux-331nnux-127n°nux-241n’nux-51nnux-
51nnux-7n*nux-90nu?x-221nu?x-178nnu®x-30 1nnu®x-105nnu’x -
91n?nuix-19n*nu?x-80nux-121nux-93nnux-71nnu®x-25n2nudx-
30nutx-21nu*x-16nnu*x-4nu®x+24nx3+61lnx3+6mnx3+50n2x3+
111n?x3+11mn? x3+35nx3+61n®x3+emn®x3+10n* 3+ 1n* x>+mn*x3+
NP x3+48nux+121nux®+12mnux3+156nnux®+331nnux®+33mnnux®+
151nfnux®+241n?nux®+24mn?nux®+56nnux®+51ninux®+5mnnuxd+
7Tntnuxd+112nu?x3+221nu?x3+22mnu? x®+208nnu?x3+30 Lnnu? x3+
30mnnu? x> +114n’nu x> +91n?nu? x> +9mn? nu? x3+19nnu? x3+
2nudxd+121ndx3+12mnu®x3+100nnudx3+71nnud x3+7mnnud X3+

25n2nu3x3+32nu4x3+21nu4x3+2mnu4x3+16nnu4x3+4nu5x3)}}}}



