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--> Type ?HolonomicFunctions for help.
TimeBound = 60 » 60 ;

Test[f_, var_, rest_] := TimeConstrained[
Timing[CreativeTelescoping[ Annihilator[f, Union[{var}, rest]], var, rest]],
TimeBound]

Examples from C. Koutschan’s Examplesll.nb

|. Easy ones

st = TimeUsed[];

Test[(LegendreP[2k+1, x] / x) "2, Der[x], {S[k]}]

x2 - x4 X 4x+3kx-5x3-4kx3
{0.560919, {{-sk+1}, { D, + Sy + }}}
2 (1+k) (3+2k) 514k (1+Kk) (5+4Kk)

Test[Sqrt[l1-m*u”r2]7A(2j-1) /Sqrt[1-u”r2], Der[u]l, {S[jl1}]
{0.06082,
[{(-3-23)si+(4+4j-2m-23m) Sy+ (-1-2j+m+23m}, {m(u-u>-mu®+mu®)}}}
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Test[ArcCos[x/Sqrt[(a+b) *xx-axb]], Der[x], {Der[a], Der[b]}]
{0.631294,{{(az—bz)Db+(3a-+b),(az—bz)Da+(—a—3b)},
{4(a3b2—2a3bx—2a2b2x+a3x2+3a2bx2+ab2x2—a2x3—abx3) -
x
2ab-ax-bx
(a®*+ab-3ax-bx),
4 (a’b*-2a*b*x-2ab’x+a’bx®+3ab*x*+b>x*-abx’®-b*x3)

_ Dy +
2ab-ax-bx

(7abfb2+ax+3bx)}}}

Test[u?(2m) /Sqrt[1-u”2], Der[u]l, {S[m]}]
{0.03256, {{(-2-2m) Sp+ (1+2m)}, {-u+u’}}}

Test[1l/ (x*"4+2ax""2+1)"(m+1), Der[x], {S[m], Der[a]l}]

%Lo&mes,{U-4-4m>sm+2aDa+(3+4m>,(-4+4a2)ﬁ+(12a+8am>Da+(3+4m)L

-3x-4mx-2ax’-4amx3+x°
{X, 1+2ax?+x* }}}
Test[LegendreP[2n, u] /Sqrt[1-u?2], Der[u], {S[n]}]
{0.247012,
2 (1+n) (-1+u?) 1+2n-u?-2nu?

{H4+8n+4¥)$wr«l—4n—4nﬁ},{— S+ }}}

u u

Test[Sin[m=*Xx] *Sin[n*x], Der[x], {S[m], S[n]}]

Annihilator: The expression Sin[m#x]w.r.t. {S[m]} is not recognized to be d—finite. The result might not generate a
zero—dimensional ideal.

Annihilator: The expression Sin[n#x]w.r.t. {S[n]} is not recognized to be d-finite. The result might not generate a
zero—dimensional ideal.

{0.796215, {{}, {}}}

Test[Exp[-u (a+1)] »Log[u], Der[a], {Der[u]}]

{0.083013, {1}, {E}}}

Victor Moll’s integral: special case s=4.
ff = (x*2/ (x4 +2ax"2+1)) r» (x*"2+1) /x*2/ (x*"s+1l) /.s->4

(1+x?)

2 r
1+2 a x2+x*

X2 (1 +x*)
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Test[ff, Der[x], {Der[a], S[r]}]

{0.191629, {{Da+2rsr, (64a-64a°+96ar-96a°r+32ar?-32a°r?) s34
(-32-16a+64a°-48r-16ar+112a°r-16r°+48a°r?) SZ+
(8-10a+8r-40ar-24ar?) S+ (-3+4r+4r?)},

{O, (-3x-2rx-5x’-2ax’-2rx*-2x-6ax’-6x"-2ax’+x°-

6ax9+2rx9—xll+2rxll)/((1+x2) (l+2ax2+x4)2)}}}

Test[ArcSinh[x] /Sqrt[x"2+1] xEA (-zxXx), Der[x], {Der[z]}]

{l+x2 x+22+2xzz}}}

{0.194286, {{z D2+D, + z},

Dy +

z z

Test[z /2 *ArcSinh[x] A2 %xEA (-z%Xx), Der[x], {Der[z]}]

{0.348777, {{zD§+DZ+z}, {1+X2 D§+x+3z+3XZZDX+3 (1+x2)}}}

z2 z2

Test[Xx * ArcSinh[x] / Sqrt[x*2+ 1] *EA(-zxXx) /2, Der[x], {Der[z]}]
{0.244387,

2+2x%+xz+x3z “2+2xz+3x3z+2x%22%2+2x%*2?

{{ZZD§+ZDZ+(71+22)},{ Dy + }}}

Xz X2 z

Test[ArcSinh[x] / (1 +x"*2) A (n+1), Der[x], {S[n]}]

{0.160012, {{(—2—2n> Snt+ (1+2n)73, {11:2)(1 DX+3I:;:X}}}

annLommel = ToOrePolynomial]
{S[n] -1, Der[x] ** (x"2xDer[x]"*2+x*Der[x] +x"2)}, OreAlgebra[Der[x], S[n]1]]
{Sn-1, x*D; +3 xDf + (1+x%) Dy +2x}

integrand =
DFiniteTimes[Annihilator[x*n x Bessell[n, x], {Der[x], S[n]1}], annLommel]
{S2+(-2-2n) Sy+x?, x*D} +3x*D; Sp+ (3x*-6nx*) D} +
(3x-6nx) Dy Sy + (x—6nx+12n2x—2x3) Dy +4nS,+ (—8n3—2x2+2nx2)}

ct = CreativeTelescoping[integrand, Der[x], S[n]]
{{(4+2n)S}+(-11-18n-8n%)S,+ (1+6n+12n*+8n°)},
{—x3Di—3x2DxSn+6nx2Dx+3(x+2nx) Sn+(7x—6nx—12n2x+2x3)}}

Test[(l+xt+tr2)A(-2), Der[t], {Der[x]}]
{0.026689, {{(-4+x?) Dy+3x}, {2+t x}}}

Test[1l/ (1 +x"2) A rn, Der[x], {S[n]}]
{0.028706, {{-2nSy+ (-1+2n)}, {X}}}
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Test[xA (m-1) * Exp[-c*x-b*x"2] *Sin[a*X],

Der[x], {S[m], Der[a], Der[b], Der[c]}]

{0.598917, {{aD,+2bDy+cDc+m, Sy+Dc, D2+ Dy,
4b2D§+4bcDch+(—a2+6b—cz+4bm) Dp+ (2c+2cm) DC+(m+m2>},
{—X,O,O,xsz—Z(mx—cxz—be3)}}}

Test[ArcTan[p*x]/ (L +p"2*x), Der[x], {Der[p]l}]
{0.293415, {{(p2+p4) D2+ (4p+6p°) Dp+ (2+6p%)],
1-p*x2 2 (-1+x+2p*x-p?x*+ptx?)

{0 H)

o 1+p?x

Test[Bessell[m, a = x] * BesselJ[n, bxx], Der[x], {S[n], S[m], Der[a], Der[b]}]
{2.18831, {{aD,+bDy+1, (a®b®-b*) D} + (a®b-3b?) Dy + (-b*+b*m* - a*n?),
(a2b7b3) SnDp+ (abm-abn) Sn+(b2m—a2n) Sm) (a2+2a2m+a2m2—a2n2) S2+
(-2a’b+2b>-2a°bm+2b’>m) Dp+ (-a®°+2b*-2a°m+4b*m-a’m’+2b*m’ -a’n?),
(-a®b+b%) Sy D+ (-2’ +b*+b’m-a’n) S,+ (abm-abn) Sy,
(ab+abm+abn) S Sy+ (a?b-b?) Dy+ (-b?-b*m-a’n),
(-b*>+b*m? -2b’n-b’n?) S2+ (2a°b-2b>+2a’bn-2b>n) D+
(-b®+b*m?-2a’n-2a*n?+b’n?)},
{-x, ab?x*S,-b>x*S,-b (-bx+bmx-bnx), b?>xSy-abxS;,,
-2a (b+bm) xSySy+2a (L+m) (L+m+n) Sy-2 (b?>x+b’>mx), abxSy-b®xS,,
abxSySh+b?x,2b(a+an) xSy, Sy-2b (1+n) (L+m+n) S, +2b2 (x+nx)}}}

Test[Log[(Sqrt[x"2+a™2] +x) / (Sqrt[x*"2+a”r2] -Xx)] *
BesselJ[0, bx x] / Sqrt[x”*2+a”2], Der[x], {Der[a], Der[b]}]

{1.49979, {{-a Ds+bDy, b?Di+3bDZ+ (1-a?b?) Dy-ab},

a? x + x3 X a2 3 x? X+3a’b?x+3b%x3
{—X, —— Dj+ — Dp + Dy + }}}
2b 2 X 2b 2b

Test[(1-x"2)7A(nu-1/2) xGegenbauerC[m, nu, x] * GegenbauerC[n, nu, x],
Der[x], {S[n], S[m], S[nu]}]

-1-m l+n X

{1.25848, {{1}, { Sp + Sn + }}}

(m-n) (M+n+2nu) (m-n) (M+n+2nu) m+n+2nu
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Test[(x (2a-Xx))*(nu-1/2) xGegenbauerC[n, nu, x/a-1] *xE” (-b*Xx),
Der[x], {Der[a], Der[b], S[n], S[nu]l}]
{1.00722, {{(7a72anfan272anu—2annu) Sy-2bnuSh,
(bn+bn2+2bnu+4bnnu+4bnu2) Dp -2 b2 nuS,, +
(abn-n*+abn’-n*+2abnu-2nnu+4abnnu-4n®nu+4abnu’-4nnu’),
(an+an*+2anu+4annu+4anu’)D,-2b°nuSy+ (abn-n*+abn®-n’+
2abnu—4nnu+4abnnu—6n2nu—4nu2+4abnu2—12nnu2—8nu3),
(4b*nu+4b®nu?) Si, + (24nu+44nnu+24n°nu+4n’nu+64nu’+
76 nnu?+20n?nu?+56nud+32nnud+16 nu4) Shu +
(-6a°n-11a’n’-6a’n’-a’n*-12a’nu-44a’nnu-36a’n’nu-8a’n’nu-
44a*nu’-72a°nnu’-24a’n’nu’-48a’nu’-32a’nnu’-162a° nut) |,
2nu (l-ab+n+2nu+bx) 1

{—2nu$nu, Swu+t —— (-2anx-2an’x-4anux-
a-x a-x

8annux—8anu2x+nx2+n2x2+2nux2+4nnux2+4nu2x2),

2nu (1-ab+n+2nu+bx) 1 ) )
Shu + (-anx-an®x-2anux-4annux-4anu’x),
a-x a-x
1 2 3 2 2 .2 2 3 2
- 2nu(—3a—a b-4a“n-a“n“-2a“nu-2a>bnu-2a“nnu+
a-x
12ax-3a’bx+16anx-4a’bnx+4an’x+20anux-2a’bnux+
12annux+8anu’x-6x2+6abx?-8nx?+6abnx?-2n?x%-
1onux®+6abnux’-6nnux*-4nu’x*-2bx>-2bnx>-2bnux’) Sy, +
1
(6a®nx-2a"bnx+8a’n*x-2a*bn*x+2a’n*x+12a°nux-
a-x

4a*bnux+32alnnux-8a*bnnux+12a®n?nux+32anu?x-
8a*bnux+24annuix+16alnu®x-3a?nx?+3albnx?-4a2n?x?+
3a’bn?x?-a?n®*x?-6a’nux?+6a*bnux?-16a’nnux?+12a®bnnux?-
6a?nnux?-16a’nu?x?+12a%bnu?x?-12a’nnu?x?-8a%nu’x?-

a2bnx3—a2bn2x3—2a2bnux3—4a2bnnux3—4a2bnu2x3)}}}

Test[ChebyshevT[n, 1-x"2y] /Sqrt[1-x"2], Der[x], {S[n], Der[y]}]
{0.504911, {{(2n+2n2) Sa+ (-2y-4ny+y*+2ny?) Dy+ (-2n-2n*+ny+2n’y),
(2y-¥%) DY+ (2-y) Dy +n*},
n(-1+x?) n(-1+x%) n(-1+x%) n(l—xz—x2y+x4y)}}}

{—7Sn+ , Sh +
X X xy(—2+x2y) xy(—2+><2y)
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Test[xA (r-1) * (1-x)”*(s-1) xHypergeometric2Fl[a, b, c, x],

Der[x], {S[al, S[b], S[c], S[r], S[s]}]

{1.10722, {{Sr+ss—l, (abc-ac’-bc?+c*-abr+acr+bcr-c’r) Sc+
(—abc+acr+bcrfcr2+acs+bcs—2crs—csz)SS+
(ac’+bc’-c®-acr-becr+c’r-acs-bcs+crs+cs?),

(-b-ab-b’+bc+bs)Sy+(ab-ar-br+r’-as-bs+2rs+s’) Sg+
(b+b*-bc+ras-rs-s?), (-a-a’-ab+ac+as)S,+
(ab-ar-br+r’-as-bs+2rs+s’)Sg+(a+a’-ac+bs-rs-s?),

(1-a-b+ab+2r-ar-br+r’+2s-as-bs+2rs+s”) S+
(—l+a+b—ab—r+ar+br—cr—2s+2as+2bs—cs—2rs—252) Se +
(-as-bs+cs+s?)},

{O, (a-c) (-b+c) (-x+x?) Sc+ (-c?x+crx+csx+c?x’-crx’-csx?),

(a-c) (-b+c) x? X 5 5
- Se+ (ax+bx-rx-sx-cx?+rx’+sx?),
c

(a-c) (-b+c) x?

- Sc+ (ax+bx-rx-sx-cx’+rx*+sx?),
c

(@a-c) (-b+c) (-x*+x3)

Sc +
C

(—x+cx—rx+2x2—2cx2+2rx2+sx2—x3+cx3—rx3—sx3)}}}

Test[(z/2)*n/Gamma[n+1/2] /Gamma[l/2] » (1-t*2)A(n-1/2) xCos[zt],
Der[t], {Der[z], S[n]}]

(—l+t2) z -n+nt?
{0.394906, {{ZDZJrZSnfn, zS2+ (-2-2n) S+ 2z}, {7 D, + ,
(1+2n) t (1+2n) t
(1-2t2+t%) 22 (n-3t?-4nt?+3t*+3nt?) z
D, -
(1+2n) (3+2n) t (1+2n) (3+2n) t H}

Test[t?(-n-1) *xExp[t-z"2/ (4t)], Der[t], {S[n], Der[z]}]
{0.067646, {{zSy+2D,, zD}+ (1+2n) D, +z}, {0, -z}}}

Test[Sin[zt] (1-tA2)A(n+1/2), Der[t], {S[n], Der[z]}]

{0.351968, {{z Sa+ (3+2n)D,, zD2+ (3+2n) D, +z}, {lttz D,, ltt2 DZ}}}

Test[Exp[-zt] (1+t*2)A(n-1/2), Der[t], {S[n], Der[z]}]
{0.068952, {{zSh+ (1+2n)D,, zDZ+ (1+2n) D, +z}, {1+t?, 1+t*}}}

Test[Besselld[n, bt] * Exp[-p*2*t"2] *tA(n+1), Der[t], {Der[b], S[n], Der[p]l}]
{0.349049, {{2 p>Dp+ (-b*+4p>+4np?), 2p2S,-b, 2bp?Dy+ (b2-2np?)},

{ianpzt, isn, isn}}}
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Test[t”n x BesselY[n, at] / (t*2+k”*2), Der[t], {S[n], Der[a], Der[k]}]
{0.564635, {{a D,-kDy+ (-1+n),
aSp+kDe+ (1-2n), k®Di+ (5k-2kn) Di+ (4-a°k?-4n)D,-2a’k},
2akt 2k (k*t-31t%)

{_t’t’ K2 4 2 S+ }}}

(k2+t2)2

Test[Exp[-p"2*t"2] x BesselJ[0, at] * BesselY[0, at] *t, Der[t], {Der[a], Der[p]l}]
{0.472175, {{a Da+pDp+2, p*D2+ (-2a%p+5p°) Dy+ (-22%+4p?)},
1+4a2t?2-6p2t?2+12p*t?

it )

Test[z” (n+1) *BesselI[n, z], Der[z], {S[n]}]

{0.110076, {(11, {- i Sa}}}

Test[t"(a-1) » (1-t)*(b-1), Der[t], {S[a], S[b]}]
[0.052316, {{(-a-b) Sp+b, (-a-b) S;+a}, {t-t°, -t+t*}}}

t 1
{—t, D2+ = (-1+6p2t?) Do+
2 2

Test[Exp[-a t] * StruveH[O, t], Der[t], {Der[a]l}]

t l1+3at a+t+3a’t

{o.210666, {{(-1-2a’) Da—a},{;D€+ S Dt 5 H

Test[AiryAi[272(2/3) * (ur2+x)], Der[u]l, {Der[x]}]
{0.201503, {{D}-4xDy-2}, {-2u}}}

TimeUsed[] - st
16.1223

.Alonger one
Test[2 /Pi xBesseldJ[m+n, 2zt] * ChebyshevT[m-n, t] /Sqrt[1-t~2],
Der[t], {S[m], S[n], Der[z]}]
{18.6877, {{z Sw+zSh+2zDy+ (-m-n),
22%S,D,+2°D2+22S,+ (z-2n2z) D, + (—m2+n2), 2S2+(-2-2n) Sy +2z,
z°D}+32°D}+ (2m*z-2n"z) Sq+ (z-m*z-3n°z+42°) D+ (-2m*n+2n’+42%)},

0, tzS,-tzS,, - — Sp+ —— S,
2t 2t

—mt-nt)zSy+ (Mt-nt) zS,+4 (-t+t?) zz}}}

{ 1 -1+2t?
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3. Examples that are hard for redct, or where it needs help

Test[GegenbauerC[l, A, x] » GegenbauerC[m, A, x] *
GegenbauerC[n, A, Xx] * (1 -x"2)*(x-1/2), Der[x], {S[m], S[n], S[L]1}]
{252.95, {{(1-21+12-m2+2n-21n+n2-2A+2lx-2mx-2nA) Sp +
(-1-21-1*+m*+2n+21n-n*+22+212+2mA-2n2) Sy,
(1-21+1+2m-2Tm+m*-n®-221+21A-2m2a-2n2) Sp+
(-1-21-T+2m+21m-m+n*+22+212-2mA+2n2) Sy,
(-16-321-241-81°-1"+8m*+81m*+21>m* -m*+8n°+81n*+21%n’+
2m’n?-nt+16ma+16lma+41Pma-4m®A+16nA+161nax+412na+
4mna+4mn®A-4n2+16 % +16 1% +4 12 % -4m* 2> +8mn® -4 n® 1%) ST+
(*-2Vm+m*-21n*-2m*n?+n?+8 13 A-41PmA-81m* X+4m’ 2 -
41nA-4mna-81n’a-4mn*x1+4n*1+2012%-161ma%-
4m* 2?16 1nx%-8mna?-4n’ % +16 1A% -16ma° - 16 n %)},
{(—l—m) StSn+ (=1L+n) SySp+ (1+m) SpSp+ (X+Ux+mx-nx) S+
(=1+1-m-n) xSp+(-1L+n), (=L+m) Sy S+ (-1-n) Sy S,+

(1+n) SpSp+ (X+1Ix-mx+nx) St+ (-1+1-m-n) xSp+ (-L+m),

2 (1+m) (1+1+2)

4 (1+m) (L+n) (L+1+2) S.SpSn-
2+1

(4x+41x+12x—m2x+4nx+21nx+n2x+4x}+21x)&—2mxk+2nx)t) S1 Sm -

1
2 (1+n) (1+1+n) (4x+41x+12x+4mx+2lmx+m2x—
2+1
n2x+4xA+21X/\+2mxA—2nxA) S1Sn +
1
2(1+1+2) (-4-61-41-V+2m+1m*+2n°+1n*+8x*+121x* +6 1* x* +
2+1
x?+damx2+4Tlmx®>+Pmx>-2m?x>-1m?>x>-m*x2+4nx>+41lnx?>+1®nx?+
Aamnx2+2lmnx2+mnx?-2n? x> -1n?x?>+mn?x?>-n*x2-412-21%x+4mx+
Zlm/\+4n)+21n)x+8x2)t+81x2)+212xz)u—2m2x21+4mnx2)u—2nzxz)t)
1
Sy + 2(L+m) (1+1+2) (21+12-m+n*+420+212-2mA+2n2Q) Sp+
2+1
1 2. .2 2
2(1+n) (1+1+2) (21+12+m*-n?+42+21a+2mA-2n2) S, -
2+1 2+1

2 (1+1+2) (41x+2Vx+2lmx+Vmx-m*x+2Tnx+nx+m* nx+mn®x-n’x+

Bx+4lxa+amxa+2lmxa-2m"xA+4nxa+2lnxaisamnxi-2n’x2)}}
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Test[x BesselJ[1l, a x] BesselI[1l, a x] BesselY[0, x] BesselK[0, x], Der[x], {Der[a]}]

{45.@437,
5 a? 5 3 3
{{aDa+2},{—7aD§D§+7aDaDi— X D¢ + 2 D3+
4 (-1+a%) x 4 (-1+a%) 8 (-1+a*) (-1+a%) x3
2 3 1
2 D2 D, - 2 D, D2 - D3 +
(-1+a*) x? 2 (-1+a*) x 2 (-1+a*)
5 a2 7 3
2 2, 2 DaDy- ———— D2-
2<71+a4) x3 2(7l+a4) x2 8(—1+a4)x
5a 5 -5-12x%*-20 a* x*
D, + Dy + 3
(—l+a4) x3 8<—l+a4) x?2 8(fl+a4> x3

Test[x BesselJ[1l, a x] BesselI[1l, a x] BesselY[0, x] BesselK[0, x], Der[a], {Der[x]}]

{3.96648, {{—x3 D} -4 x2 D3 - x D2 + Dy - 4 x°},

4 3 2

a 8 a 13 a 3a

{——Dg+4a3DgDX—6a2xDaD§+4axzD§—7D§+12a2DaDX— Da+2an——}}}
X X X X

Test[(c+I*u*Sqrt[l-c*2])An/Sqrt[l1-u”2], Der[u], {S[n], Der[c]}]
{0.730564, {{(1+n) Sp+ (1-¢?)De+ (-c-cn), (-1+c?)D2+2¢cDc+ (-n-n?)},

1-u? —c+cu? cn(—1+u2)

{ nt )
u u (-1+c) (L+c)u (-c?-u*+c?u?)

(n (—c2+u2—u4+c2u4>)/((—l+c) (1l+c)u (—cz—u2+c2u2)>}}}

Sn -

Test[Exp[x] *x”A(-a/2) /n! xExp[-t] *tA(n+a/2) *Bessell[a, 2 (t*xx)"(1/2)],
Der[t], {S[n], S[a], Der[x]}]
{0.977198, {{(-1-n) Sy+xDx+ (L+a+n-x),

XD+ (L+a-x) Dy+n, xS+ (L+a+x) Dy+ (n-x)}, {-t, -t, -t} }}

Bivariate rational integrands

f=1/(1-y-x/y-x(1-y"2))
1

_ X _y- _y2
1-0-y-x (1-y?)
Our routine Test does not work directly on these examples, but Christoph Koutschan suggested

changing the order of the derivations below, which solves the problem:

ann = Annihilator[f, {Der[y], Der[x]}]
[(-x+y-xy-y?+xy?) Dy+ (-1-y+y?), (-xy+y*-xy*-y>+xy*) Dy + (x-y*+2xy?)}
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CreativeTelescoping[ann, Der[y], {Der[x]}]
{{(-1+15x-96x*+335x>-592 x*+ 335 x° + 345 x°) D} +
(10 - 88 x + 370 x* - 852 x* + 550 x* + 1380 x°) Dy + (-12+30 x + 72 x* - 120 x> + 690 x*) },
{(x2—6x3+48x4—155x5—2xy+14x2y—108x3y+406x4y—310x5y+y2—7xy2+
59 x2y? - 219 x> y? + 213 x* y? - 285 x°y? -2 y3 + 16 x y® - 118 x? y> + 444 X3y -
518x4y3+400x5y3+y4—5xy4+26x2y4—le3y4—368x4y4+395x5y4—2xy5+
20 x*y* - 116 x> y° + 330 x* y° - 260 x° y°) / (x*y (-x+y-xy-y?+xy?))}}

Do[f =1/ (1-y-x/y-x*(1-y~rd));
ann = Annihilator[f, {Der[y], Der[x]}1;
tt = Timing[CreativeTelescoping[ann, Der[y], {Der[x]}11;
Print[d, " ", tt[[1]1]]1, {d, 12}]

1 0.036701
2 0.07005
0.23705

0.551711

(€2 B N V)

1.23411
6 2.48882
7 4.81169
8 8.1914

9 13.7818
10 22.2077
11 35.2914

12 54.9072

Bivariate Hyperexponential Integrals

f = (62%xx-85%xy-26) *SqQrt[(-99*x+33 %y +62) / (-66%*X-63 %y +29)]
EXp[(-51%*Xx+86%xy-54) / (-51%*x-12%xy+68)]/ (-44*x-y+87) "5

54.51x+86y 62-99x+33y 5
eessiclzy (-26+62X-85Yy) - / (87 -44x-vYy)
29-66x-63y

Here, exchanging the order of the derivations does not help, so we use FindCreativeTelescoping
instead of CreativeTelescoping:

Timing[FindCreativeTelescoping[f, Der[y], {Der[x]1}]11[[1]]
20.1508
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? FindCreativeTelescoping

FindCreativeTelescoping]f, {d1, ..., dj}, {op1, ..., opk}] or FindCreativeTelescoping[ann, {d1, ..., dj}] finds
creative telescoping relations for the given function f (resp. in the given 8-finite ideal ann
annihilating some function f). In particular it returns {{p1, ..., pm}, {{q11, ..., q1j}, ..., {gm1, ..., gmj}}},
wherein all entries are OrePolynomials such that pi + d1xqil + ... + dj*qij is in the annihilator of
f forall 1 <=i <= m. FindCreativeTelescoping makes an ansatz with explicit denominators, in
contrast to Chyzak's algorithm (see the command CreativeTelescoping) where the denominators
have to be computed later. Modular computations are used to get the denominators right.

The following options can be given:

Degree —> n: to limit the degrees of the summation/integration
variables in the numerators by n (each variable separately).

Support —>{...}: to give the support of the telescoper.

Mode -> Automatic: finds the right ansatz and does the non-modular computation automatically.

Mode —> FindSupport: does only the modular computations and returns a list of options
specifying the ansatz which can again be given to FindCreativeTelescoping again.

Mode -> Modular: takes a fixed ansatz and computes homomorphic images (to
be specified by the options OrePolynomialSubstitute and Modulus, and
FileNames has to give a StringForm where on the disk to store the results).

Denominator —> d: to give a common denominator that is
tried for finding a creative telescoping relation.

"MinimizeDenominators" —> True: whether to minimize the

denominators in the delta parts using homomorphic images.

A bigger example:

f = (62%xXx-85%xy-26) *xSqQrt[(-99%*Xx+33 %y +62) / (-66%*X-63%y+29)] *
EXp[(-99 % X"2+62%xX*xYy+23%xy"2+40*xX+41%xy-87)/
(-53%*X"2+9%X*xy+44xy"2-89%x+40*xy +98)] / (-44+x-y+87) "5

-87+40 x-99 x2+41 y+62 x y+23 y? 62 -99 x + 33 y
@ 98-89x-53x2+40 y+9 x y+44y? (—26+62X—85 y) / (87—44X—y)5
29-66x-63y

TimeConstrained[

Timing[FindCreativeTelescoping[f, Der[y], {Der[x]}]], TimeBound]

(22606.76, {{ (D) o: - (@) 0} - (€EEEED) 0: -
( ) D2+ ( ) Do b { S

large output show less show more show all set size limit...
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Bivariate Mixed Terms

f= (Lex/ (N"2+1)) % ((X+1)A2/ (x-4)/ (x-3)"2/ (xA2-5)A3)An«

Sqrt[x"2-5] *Exp[(x*3+1) /x/ (x-3)/ (x-4)"2]

x3 2 n
e ot (1+ X (L% N
1en? /| (caex) (-3+%)2 (-5+x2)°

Test[f, Der[x], {S[n]}]

{231.954,

! ) S+ | ) S+ | ) S+ | ) Sh+
( ) S+ | ) Sa+ | )} H
large output show less show more show all set size limit...

Test[((z"2-1)/2/ (z-x))*n« (1-2z) alphax (1+2z)*beta/ (z-x), Der[z], {S[n]}]

{0.217684,

{{ (16 + 16 alpha + 4 alpha’ + 16 beta + 8 alpha beta + 4 beta” + 32 n + 20 alpha n + 2 alpha’

{2 (X -2)

n+20 betan+4alphabetan+2beta’n+20n°+6alphan®+6betan®+4n®) s?+
(-3 alpha® - alpha® - alpha® beta + 3 beta® + alpha beta® + beta® - 2 alpha® n +

2 beta’n-24x-26alphax-9alpha’x-alpha®x-26betax-

18 alpha beta x - 3 alpha® beta x - 9 beta? x - 3 alpha beta® x - beta® x -
52 nx-36alphanx-6alpha?nx-36betanx-12alphabetanx-

6 beta’ nx -36n”x-12alphan’®x-12betan®x-8n’x) Sy +
(8 +10 alpha + 2 alpha? + 10 beta + 12 alpha beta + 2 alpha? beta +
2 beta’? +2 alphabeta?+20n+16alphan+2alpha?n+16betan+

8 alphabetan+2beta’n+16n”+6alphan®+6betan’+4n’)},
1

(-4 -4 alpha - alpha® - 4 beta - 2 alpha beta - beta’ -6 n- 3 alphan -

3betan-2n?-4alphax-alpha®x+4betax+beta?x-2alphanx+2betanx+

4alphaz+alpha®z-4betaz-beta’z+2alphanz-2betanz+8xz+

6 alphax z+alpha’?xz+6betaxz+2alphabetaxz+beta?xz+12nxz-+
4alphanxz+4betanxz+4n?xz+2alphaz?+alpha®z?+2betaz?®+

2 alpha beta z? + beta? z2 + 2 alphan z? + 2 betan z? + 4 alpha x z> + alpha® x z% -
4 betax z2-beta’?x z2+2alphanxz?®-2betanxz?-4alphaz®-alpha®z®+

4 betaz®+beta’?z>-2alphanz®+2betanz®-8xz®-6alphaxz®-alpha?xz®-

6 betaxz®-2alphabetaxz®-beta?xz®-12nxz3-4alphanxz®-4betanxz

4n2xz3+4z4+2a1phaz4+2betaz4+6nz4+a1phanz4+betanz4+2nzz4>}}}

3
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Test[(1+Xx) A (100 %n) /xA(n+1), Der[x], {S[n]}]

{89.5272, {{{ ) So+ | )1 | 53

large output show less show more show all set size limit...

f = 4% (X% (12%x+10)72/ (87 *x+37)) M (-n-1) *
X% (6*X+5) % (1044 + X2 +666 %X +185) / (87 *x+37)"2

//B7+87xﬂ

X (10 +12x)2) " "
4x (5+6x) | ————— (185 + 666 x + 1044 x|

37+87x

Test[f, Der[x], {S[n]}]

{0.103724, {{ (28968000 + 244240 000 n + 255174000 n* + 70 148 000 n*) S +
(521424 + 98781996 n + 222482304 n” + 104077896 n*) S, +
(-61679781n+69142815n” + 108433494 n°) },

{ (91707256500 + 773218 045000 n + 807 833038 875 n” + 222075415250 n’ +
1458956818875 x + 8163839566200 n x + 8481824965275 n% X +
2457048480900 n° x + 7570839656 925 x* + 35954 556 193260 n x> +
39151775566800 n® x* + 12516 065579160 n3 x> + 18 649288387656 x> +
87366431049066 n x> +103874052113856 n> x> +37075911988986 n° x° +
24306010315344 x* + 129682851318018 n x* + 172427616 936 846 n® x* +
67813119407592 n° x* + 16295493 624192 x> + 118502478507 744 n x> +
177570940399128 n? x® + 75363 955515576 n° x° + 4316 597 793504 x° +
60389698114656 n x° + 102 026347610400 n? x°® + 45953247289248 n® x® +
13909037334624 nx’ +26135130650 112 n° x’ +12226093315488n°>x') /

U1+n)x(5+6x>3U35+666x+1044xﬂ)}H

f=4% (X% (T6%¥x"2-90%Xx+92)"2/ (82%x"2+58%x+65))"(-n-1) *
X% (38 % X"2-45 %X +46) *
(9348 * x"4 + 5126 * X3 +3358 * X2 -8775 % x +2990) / (82 % X" "2 +58 *Xx +65) "2
1

4 x (46 -45x +38 x°)
2
(65 +58 x + 82 x?)

x (92-90x+76x2)>) "

(2990-8775x+3358x2+5126x3+9348xﬂ
65 + 58 x + 82 x?

Test[f, Der[x], {S[n]}1[[1]]
1.37184

| 13
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f = (X% (33%xX"4-59%Xx"3-9%x"2+22%xx-99)"2/
(86 *X"4 -37T%*x"3+94%*x"2+80%xx-31)) A"
(-N=-1) * X% (33*X"4-59%X"3-9%x"2+22%x-99) %
(14190 * Xx"8-22548 » X" 7 +29672 %+ x"6-T7836 % Xx"5-14523 * Xx"4 + 4665 * x"3 +
14221 *Xx"2-2046 %* X +3069) / (86 *X"4-37*x"3+94%*Xx"2+80%x-31)"2

X (-99+22x-9x2-59x3+33x4>

((x (799+22x—9x2—59x3+33x4)2)/ (—31+80x+94x2—37x3+86x4)>717n

(3069 - 2046 x + 14221 x% + 4665 x> - 14523 x* - 7836 x° + 29672 x° -

2

22548 x” + 14190 x8) / (-31+80x+94 x2-37x%+86 x4)

Test[f, Der[x], {S[n]}]1[[1]]
128.008

Integrals with Gegenbauer polynomials

f = x*1 » GegenbauerC[m, mu, x] * GegenbauerC[n, nu, x] * (-x*2+1)A (nu-1/2)

1
x* (l—xz)ff+nu GegenbauerC[m, mu, x] GegenbauerC[n, nu, X]



IntegralsCKsTestSuite.nb | 15

Test[f /. 1> 0, Der[x], {S[m], S[n], S[mu], S[nul}]
{516.366,
{{(—4nu+m2nu+4munu+2mmunu—4nnu+2munnu—nznu—8nu2+4munu2—4nnu2—

4nu3) Snu+(n—mun+n2—mun2+2nu—2munu+5nnu—
4munnu+n2nu+6nu2—4munu2+4nnu2+4nu3),
(4mu2—4munu> Smu + (—m2—4mmu—4mu2+n2+2mnu+4munu+2nnu),
(n+mn—n2+2nu+2mnu—2nnu> Sm +
(1-m-2mu+2n-mn-2mun+n®+2nu+2nnuj Sy,
(-8+2m*+8mu+4mmu-20n+3m°n+16mun+6mmun-18n”+m’n’+
10mun?+2mmun?-7n®+2mun®-n*-16nu+8munu-32nnu+
12munnu-20n®nu+4mun’®nu-4n’nu-8nu’-12nnu®-4n’nu’) S+
(-m*n-2mmun-m’n*+2mun®-2mmun’®+n®+2mun®+n®-2m’nu-
Ammunu-4m’nnu+d4munnu-8mmunnu+2n?nu+8mun?nu+

4n3nu—4m2nu2—8mmunu2+8munnu2+4n2nuz)},

2munu (-1+x) (1+x) 1
{— SmuSnu+ —NU (-1-m-2mu-n-2nu+2x*+mx*+nx*+2nux?)
X X
S+t —(N+n®+2nu+4nnu+4nu’-nx?-n?x*-2nux?-4nnux’-4nu’x’),
2 X
2mu (-1+x7) 2 nu
Smu + Snu+—(m+2mufn—2nu—mx2—2mux2+nx2+2nux2>,
X X X

4munu (-1+Xx) (1+x)
- smusnu*
(L+m) x2

((2mu (n+2nu-2nx*-4nux®+nx*+2nux*)) /((1+m) x?)) Spy +

2 nu (—m—Zmu+x2+mx2)
Shu +

(L+m) x?

(Mn+2mun+2mnu+4munu-mnx*-2munx’-2mnux®-4munux’)/((1L+m) x?),
8munu (l+n+nu) (-1+x) (1+x)

mu <2nu
X X

4nu (l+n+nu) (-1-m-2mu-n-2nu+2x*+mx?+nx*>+2nux’) Sy, + —2 (1+n+nu)
X

(—n—n2—2nu—4nnu—4nu2+nx2+n2x2+2nux2+4nnux2+4nu2x2)}}}

Test[f, Der[x], {S[m], S[n], S[1], S[mul, S[nul}]
$SAborted

F = (x+a)"(g+lambda-1) » (a-x) " (beta-1) *
GegenbauerC[m, g, x / a] * GegenbauerC[n, lambda, x / a]

-l+beta

X X
(a-x) (a+ x) Lrgrlambda Gegenbauerc[m, g, —] GegenbauerC|n, lambda, —
a

a

Test[f, Der[x], {S[m], S[n], Der[a], S[beta]}]
$Aborted



