Examples for redct

demonstrates an implementation of the algorithm based on generalized Hermite reduction

> restart;

> libname:=".",libname: # Mgfun is needed

> read "redct.mpl";

The syntax is

redct(Int(...,var=...),[list of variables with their natures])

the output is list of telescopers for the integrand wrt these variables.
| This list forms a Grobner basis of the telescoping ideal for tdeg.

| Example from our article:

[> F:=exp(-p*x)*ChebyshevT(n,x)/sqrt(1-x"2);

e 7* ChebyshevT (n, x)

F = @
> redct (Int(F,x=-1..1),[n::shift,p::diff]);
[pDn+Dpp—n,pDi—2nDn—p—2Dn] 2)

Several of the operators computed in this session are big. Configure the interface so that it does not
| display too much:

> interface(elisiontermsafter=2,elisiontermsbefore=2,
elisiontermsthreshold=5,termelisionthreshold=10,
elisiondigitsafter=3,elisiondigitsbefore=3,
elisiondigitsthreshold=14):

;For bigger examples, we use the following piece of code to display input, output and time:

> bigredct:=proc(f,vars) local res, tt;
print(f);
tt:=time(assign('res'=redct(args)));
if nops(res)=1 then res:=op(res) fi;
print(res);
printf("time = %g sec.\n",tt);NULL
end:

¥ Examples from C. Koutschan's Examples11.nb

¥ Easy ones
[> st:=time():
> redct (Int((LegendreP(2*k+1,x)/x)"2,x=-1..1),[k::shift]);
[Dk——l] (1.1.1)
> redct (Int((1l-m*u~2)"(j-1/2)/sqrt(1-u”2),u=0..1),[j::shift]);
[2ijj+2Dj?j—2mj—4ij+2ij+3Df+2j—m—4Dj+1] (1.1.2)
> redct (Int(arccos(x/sqrt((a+b)*x-a*b)),x=a..b),[a::diff,
b::diff]);
[azD — 5D, —a—3b,a’D,— b D +3a+b] (1.1.3)
a a b
> redct (Int(u”(2*m)/sqrt(1-u”2),u=0..1),[m::shift]);
PDmm—2m+2Dm—1] (1.1.4)




> redct (Int(1/(x"4+2*a*x"2+1)" (m+1),x=0..infinity),[a::diff,
m::shift]);

[-2aD,+4D, m—4m+4D —3,44*°D*+8amD + 124D —4D*  (1.1.5)
a m m a a a a

+—4n1+-3]
> redct (Int (LegendreP(2*n,u)/sqrt(1l-u”2),u=-1..1),[n::shift]);
[4n2Dn—4n2+8nDn—4n+4Dn—1] (1.1.6)
> redct (Int(sin(m*x)*sin(n*x) ,x=0..2*Pi),[n::diff m::diff]);
[1] 1.1.7)
[> redct(Int(exp(-u*(a+l))*log(u),u=0..infinity),[a::diff]);
[I)a a+D_ + 1] (1.1.8)

(> redct(subs(s=4,Int((x"2/(x"4+2*a*x"2+1)) r*(x 2+1)/x"2/
(x"s+l) ,x=0..infinity)),[r::shift,a::diff]);

[2rD,+D,4 @D +12d* rD2 + [.. 1] terms..] —3r — 4 D, | (1.1.9)
> redct (Int (arcsinh(x)*exp(-z*x)/sqrt(x”2+1),x=0..infinity),
[z::diff]);
E D’+:4+D ] (1.1.10)
z z
> redct (Int (arcsinh(x)"2*exp(-z*x)*z/2,x=0..infinity),
[z::diff]);
E D? 4z + D, | (1.1.11)
> redct (Int(x*arcsinh(x)*exp(-z*x)/sqrt(x~2+1),x=0..infinity),
[z::diff]);
[22 D!+ +D_ z— 1] (1.1.12)
> redct (Int (arcsinh(x)/(1+x"2) " (n+l) ,x=0..infinity),[n::shift]
7
[2nD, =2n+2D, —1] (1.1.13)
> redct (Int (x"n*BesselJ(n,x) *LommelS2(-1,0,x),x=0..infinity),
[n::shift]);
[8n3 —8n°D +2nD>+ 121" —18nD +4D.+6n— 11D + 1] (114

> redct (Int((l+x*t+t~2)~(-2),t),[x::diff]);

[x2 D +3x—4D ] (1.1.15)
B X X
[> redct (Int(1/(1+x"2)"n,x),[n::shift]);

[2nD, —2n+1] (1.1.16)

> redct (Int (x” (mu-1)*exp(-g*x-b*x"2)*sin(a*x),x=0..infinity),
[mu::shift,g::diff,b::diff,a::diff]);

2
[D,a+2b6D,+D,g+u D, a=2bD,+D g—uD. =D, 4abD,D, (1117
+ 45D} +d* D, +2apD, +4buD, + gD, +2D a+6bD, +

+—u]
> redct (Int(arctan(p*x)/(l+p~2+*x),x=0..1),[p::diff]);
[p4D;+6p3 Dp+p2D;+6p2+4pr+2] (1.1.18)
> redct (Int (Besseld(m,a*x)*Besseld(n,b*x),x=0..infinity),
[n::shift,m::shift,a::diff,b::diff]);
[aD, +bD, + 1,a' D} =’ b’ D, +3a’ D, —a’n’ —ab’D,+ b m’ +a’, (1.1.19)




DD —ab’D D +a*°nD —abD m+abD n—bmD +d°D

a m a m m n n m m
—b»’D .a°D D —ab’D D —a*nD +baD m—baD n
m a n a n n m m

+ b m D, a* m* Dfn —an Dfn + [...9 terms...] + 2 b m + az, abmD D,

+abnD D —a’D +ab’D +abD D —azn—bzm—az,bzm2
m n a a n m

Di — b i Di + [...1] terms...] — 2 a* + bz]

> redct (Int(1/sqrt(x"2+a”2)*log((sqrt(x"2+a”2)+x)/(sqrt(x"2+
a”2)-x))*Besseld(0,b*x),x=0..infinity),[a::diff, b::diff]);
[-D a+bD,, -a*b*D +a2D3—ab2+3aD2+D] (1.1.20)
a b a a a a
[> redct (Int((1l-x"2)"(nu-1/2)*GegenbauerC(m,nu,x)*GegenbauerC

(n,nu,x),x=-1..1),[n::shift,m::shift, nu::shift]);
[1] (1.1.21)

> redct (Int ((x*(2*a-x)) " (nu-1/2) *GegenbauerC(n,nu,x/a-1)*exp(-
b*x),x=0..2*a),[n::shift,nu::shift,a::diff,b::diff]);

-D a+bD, +2v,baD n+abn+2abv+baD +D an+2D av (1.1.22)
2 2
—n2—4nv—4v,—abn2—4abnv+[kawmm]+4nv+4v,

2a2bDa+a2D§—2abv—2Daav+ab+Daa—n2—ZnV]
> redct (Int (ChebyshevT(n,1-x"2*y)/sqrt(1-x"2),x=-1..1),
[y::diff,n::shift]);
[2ny2Dy+2n2y+2n2Dn—4nyDy—|—y2Dy—2n2+ny+2nDn—2Dyy (1.1.23)
—2n,4n2yDn—I—ZnZDi+[...7terms...]+3n—2Dn]
> redct (Int(x”(r-1)*(1l-x)"~(s-1)*hypergeom([a,b],[c],x),x=0.

.1),[r::shift,s::shift,a::shift,b::shift,c::shift]);
[—Da a+bD, +a—b,-D, ac— D acb+[.17terms..] + rc + ac,D, a2(1.1.24)

+D,a b+ [..18 terms...] —sr — a, -D, a — D a b+ [..15terms...] — s

+a,a" D>+ abD>+ [.30terms...] — 3D + ]
> redct (Int((1-t"2)"(n-1/2)*cos(z*t)*(z/2)"n/GAMMA (n+1/2)
/GAMMA (1/2) ,t=-1..1),[z::diff]);

[zz Dj—n2+zz+zDz] (1.1.25)
> redct (Int(t" (-n-1)*exp(t-2~2/4/t),t=c-I*infinity..c+I*
infinity),[2z::diff,n::shift]);

[D z+2D,2*D°—4nD —4D +4] (1.1.26)

n z n n n

> redct (Int(sin(z*t)*(1-t"2)"(n+1/2),t=0..1),[n::shift,
z::diff]);
[2D,n+D,z+3D "D, —4n’D, +4n" — 182D, + 162 —20D, + 15| (1.1.27)
> redct (Int (exp(-z*t)*(1-t*2)"(n+1/2),t=0..1),[n::shift,
z::diff]);
[2D,n =D, z+3D "D} + 40" D, —4n"+182D, — 162 +20D, — 15| (1.1.28)

> redct (Int (BesselJd(n,b*t) *exp(-p~2*t~2)*t” (n+l1l),t=0..
infinity),[n::shift,b::diff,p::diff]);

(1.1.29)



\ 4

[2p2bDb—2np2+b2,2p2Dn—b,2p3Dp+4np2—b2+4p2] (1.1.29)

> redct (Int(t"n*BesselY(n,a*t)/(t"2+k"2),t=0..infinity),
[n::shift, a::diff, k::diff]);

[—D a+D, k—n+1,D a+aD —n,—a3k2D +a3D3—a2k2n+a2nD2(1.1.30)
a k a n a a a
—a2k2+2a2Di—an2Da+anDa—n3+n2]

> redct (Int (exp(-p~2*t~2)*BesselJ(0,a*t) *BesselY(0,a*t) ,t=0..
infinity),[a::diff, p::diff]);

[Daa-l-Dpp—i-l,azszz+2a3Di+3ap2D2+6Daa2+p2Da+2a] (1.1.31)

> redct(Int(z”(n+l)*BesselI(n,z),z),[n::shift]);

[1] (1.1.32)
[> redct(Int(x”(a-1)*(1-x)"(b-1),x=0..1),[a::shift,b::shift]);
[Daa-l—Dab—a,Dba-l—bDb—b] (1.1.33)
> redct (Int(exp(-a*t)*StruveH(0,t),t=0..infinity), [a::diff]);
[D @ +a+D ] (1.1.34)
B a a
[> redct (Int(AiryAi(2°(2/3)*(u”2+x)),u=0..infinity), [x::diff]);
[D3 —4D,x—2] (1.1.35)
X X
:To&ﬂthnefbrﬂﬁssecﬁon:
> time()-st;
3.475 (1.1.36)

¥ Longer ones

[> st:=time():

> redct (Int(2*BesselJ(m+n,2*z*t)*ChebyshevT(m-n,t)/sqrt(1-
t72),t=0..1),[m::shift,n::shift,z::diff]);

[zD,,+zD, +zD —m—nzD>—=2mD +z—2D ,zD*—2sD +z  (12.1)
m n z m m m n n
—ZDJ

;time taken:
> time()-st;

12.861 (1.2.2)

Problematic ones

> Int (GegenbauerC(1l,lambda, x) *GegenbauerC (m, lambda, x) *
GegenbauerC(n,lambda,x)*(1-x"2)" (lambda-1/2),x=-1..1),
[n::shift,m::shift,l::shift];

A
1
(k@ﬂmmﬂﬂth)G%mmwaCWth)G%mmwaCOuhx)(ﬂ2+1)(L&D
-1

1
2

X, [n:shift, m:shift, l:shift ]



> timelimit (3600, redct(%));
| Error, (in gcd/degrees) time expired

and
[ > Int (x*Besseld(1,a*x)*BesselI(1l,a*x)*BesselY(0,x)*BesselK(O0,
x),x=0..infinity);

~ 00

x Bessell (1, x a) Bessell (1, x a) BesselY (0, x) BesselK (0, x) dx (1.3.2)
°0

> timelimit (3600, redct(%,[a::diff]));
| Error, (in factor/lift) time expired

| take way too long with this version of the code.



[> st:=time():
| Currently, dedicated code is necessary for:
> Int((c+I*u*(-c*2+1)~(1/2))"n/(-u”2+1)~(1/2),u=0..Pi);

T

5 n
(c%—Iu\g—c +—1) y 1.3.3)
J -u+1

| we can reencode the input as a solution of a linear system and integrate:
> 1fs := LFSol({(—cA2*n*uA2+cA2*n+n*uA2—u*2—n)*_f(c, n, u)+
(c"3*u”2-c"3-c*u”2+c) * (dlff( f(c, n, u), c))+(-uA3+u)*(diff
(_f(c, n, u), u)), (-c*2*n*u”4+c”2*u*4+n*u”4-c”2*u*2-ut4+
c*2*n- n*uAZ)* f(c, n, u)+(c*n*uA2 -c*n)*_ f(c, n+l, u)+(cA2*
u ~5-2*¢c”2*u”3-u"5+c”2*u+u” 3)*(d1ff( f(c, n, u), u)), (c”2*
A2*utd-3*c”2*n*utd-2*c 2*n"2*u”2+2*c 2*u"4-n"2*u”4+4*c”2*n*
u ~2+3*n*u”4+c”2*n"2-3*c”2*u”2+2*n"2*u”2-2*u”"4-c”2*n-4*n*u”2+
c"2- nA2+3*uA2+n)* f(c, n, u)+( -2*c"2*n*u”"5+4*c”2*u”5+4*c"2%*
n*u”3+2*n*u”5-8*c~2*u”3-4*u”5-2*c”2*n*u-4*n*u”3+4*c 2*u+6*
u”3+2*n*u-2*u) * (dlff( f(c; n, v, u))+(c”2*u”6-3*c"2*u”4-
u"6+3*c”2*u”2+2*u”4-c*2-u"2)*(diff(_£f(c, n, u), u, u))}):
> redct (Int(lfs, u = 0..Pi), [n::shift, c::diff]);

[c D +c¢cn—D n+c—D, —D, -2¢D, n+D2n—3cD +2D2+n+1](l34)

0

> Int(exp(x)*x (-a/2)*exp(-t)*t” (n+a/2)*Besseld(a,2*sqrt(t*x))
/n!,t=0..infinity);

a
oo
-~ n

a
X 2 -t 5
ex “e t nB'esselJ(a 2\ tx ) , 1.3.5)

0

is not recognized as D-finite by Mgfun. Till this is fixed, one can simply change a into 2a :

> redct (subs(a=2*a,Int(exp(x)*x"(-a/2)*exp(-t)*t”~(n+a/2)*
BesselJ(a,2*sqrt(t*x))/n!,t=0..infinity)),[n::shift,
a::shift,x::diff]);

[2anDn+nan+[;8wmwﬂ]+[%——LZan+xDa+fo+n—x (1.3.6)
+D, 2% Dz a+x Di +[..27 terms..] —6D_+ 6]

> time()-st;
0.931 1.3.7)

V¥ Bivariate rational integrands

;> st:=time():

> for d to 16 do
bigredct (Int (subs([x=y,y=x/y],1/ (1-x-y-x*y*(1-x"d)))/y,¥Y),
[x::diff]);
od;

. y
l—y———x L—y)y
( y ( )
5°D —6xD +5x+D —3
X X X

time = 0.026 sec.



1
(l—y—f—X(-szrl))y

253x° D7 + 123%° D + [...14 terms...] + 6D_+ 8

dy

time = 0.041 sec.
1
dy
X 3
(1 —y———x(-y + 1))y
y
833435x'' D) — 1461243 %' D’ + /.37 terms...] + 48 D_+ 12

time = 0.107 sec.

1
X 4

(1 —y= —x (=" + 1))y

546380568209 x'' D¥ + 174179973156 x'° D + [...72 terms...] + 544320 x + 4680 D_

time = 0.082 sec.

dy

1
(1 —y- % —x (" + 1))y
.. 24 5 . 23 5
271][...13 digits...]447 x D — 118]...13 digits...]240 x D+ [...125 terms...]
+ 166320 D _— 18480

time = 0.139 sec.

dy

1

(1 —y= f —x (" + 1))y

937[...24 digits...]868 x°> D® — 274[...25 digits...]858 x| D + /...196 terms...]
— 8589672000 D_ + 1493856000

time = 0.268 sec.

dy

1

(1 —y= f —x (" + I)Jy

200]...37 digits...]475 x*' D] — 687[...37 digits...]J465 x** D + /...289 terms...]
— 15375651984000 D_ + 3294782568000

time = 0.407 sec.

dy

1

(1 —y- % —x (" + 1))y

271[...53 digits...]417 ' D} — 514[...53 digits...]824 x™° D + /...407 terms...]
— 829[...13 digits...J000 D_+ 201[...13 digits...]000

dy



time = 0.685 sec.
1

X 9
(1 —y=3 —x(-y + I)Jy
252[...69 digits...]313 x> D — 848]...69 digits...]878 x°' D’ + /...553 terms...]
— 578[...17 digits...]200 D_+ 152[...17 digits...J000

time = 1.283 sec.

dy

1
x 10
(1 —r= —x (-7 + l)jy
.. 74 10 .. 73 K10
249]...92 digits...]936 x* D1’ + 885[...92 digits...|300 x"> D'° + /... 730 terms...]
— 335[...27 digits...]800 D_+ 936[...26 digits...]200

time = 1.729 sec.

dy

1
X 11
(1 —r=5 —x(-y + l)jy
.. 87 ~11 .- 86 11
453[...113 digits...]891 x* D!' — 264[...114 digits...]1639 x*° D! + /...941 terms...]
+ 162[...32 digits..]000 D_ — 472[...31 digits...J000

time = 2.949 sec.

dy

1
X 12
(l—y—;—X(-y +1))y
.. 101 12 .. 100 {12
315[...144 digits...]500 x'*' D'? — 124[...145 digits...]800 x'°* D'? + /...1189 terms...]
+ 112[...45 digits..]000 D_ — 339]...4 digits...]000

time = 4.273 sec.

dy

1
X 13
(1 —y=3 —x (-7 + I)Jy
.. 116 13 . 115 13
183]...168 digits...]942 x D"~ — 102][...169 digits...]584 x D~ + [...1477 terms...]
+ 964[...48 digits...]000 D — 299]...48 digits...]000

time = 7.086 sec.

dy

1
X 14

(1 —y=3 —x (- + I)Jy

431[...206 digits...J009 x'** DI* — 113[...207 digits...]184 x*' D!* + /...1808 terms...]

+—774L“65cﬁgﬁs“JOOOIDX——245L“65(ﬁgﬂs“JOOO
time = 11.455 sec.




1
(l—y—f—x(-y15+1)jy

148

dy
6291...239 digits...|985 x'** D] — 556]...240 digits...]975 x

—-142L“75(ﬁgﬁs”JOOOI)x4—460L"74(hgns“J000
time = 21.197 sec.

D.> + [..2185 terms...]

1
X dy
16
(1 —y—=—x(-»"+ l)jy
y
166[...283 digits...|825 x'°" D1° — 101...284 digits...]280 x' ®* D + /...2611 terms...]

— 202[...92 digits...]000 Dx + 665[...91 digits...]000

[ time = 27.174 sec.
;Touﬂthneforﬂﬁssecﬁon:
> time()-st;

79.060 2.1)

V¥ Bivariate hyperexponential integrands

| > st:=time():
> for lambda to 2 do
p:=randpoly([x,y],degree=lambda,dense);
q:—randpoly([x,y] degree=lambda,dense) ;
for mu to 2 do
a:=randpoly([x,y] ,degree=mu,dense) ;
b:=randpoly([x,y],degree=mu,dense);
for nu to 2 do
u:=randpoly([x,y],degree=nu,dense);
v:=randpoly([x,y],degree=nu,dense);
for m from 5 to 5 do
f:=p/q"m*sqrt (a/b)*exp(u/v);
bigredct (Int(f,y),[x::diff])
od
od
od
od:
-8x+ 79y — 64
89x+ 65y + 64 o 75x—81y+ 98

(12x = 19y_34)/ “33x— 76y + 96

(68x + 69y + 56)°

dy

423[...112 digits...]376 x> D’ + 365[...114 digits...|668 x°* D’ + /...94 terms...]
— 186[...121 digits...|]224 D_— 632[...121 digits...]416

time = 0.559 sec.
-10x2 — 13xy — 3732 + 83 x + 49y — 43

‘ 89x+65y+64 4324 86xy+84y2 —58x—25y—091
12x—19y—34
(12x—19y—=3 )/ “33x— 76y + 96

(68 x + 69y + 56)°

dy



263[...272 digits...J000 x*° D’ + 453[...272 digits...]000 x*° D’ + [...521 terms...]
— 624[...283 digits...]840 D_— 277]...284 digits...]160

time = 1.77 sec.

1
| (12x—=19y
(68x+ 69y + 56)
-29x—T7y+ 13

_ 34 ~93x —40xy+ 8317 + T4x — 54y + 11 29wt 25,4 74
60 x> —64xy+ 18y —78x— 78y + 75

457[...253 digits...J000 x*° D? + 476[...255 digits...]000 x*° D + /...521 terms...]
— 522[...282 digits...J000 D_— 100[...283 digits...|000

time = 1.17 sec.

dy

1
~| (12x—19y
(68x+ 69y + 56)

— 34)

/ ~93x° —40xy+ 8317 + T4x — 54y + 11
60x° —64xy+ 18y —78x— T8y + 75
90x2 —33xy + 2032 + 98x — 77y — 93

eao#——wxy—78ﬂ-—%x—67y+51 dy

208]...543 digits...|000 x**' D/ — 179]...545 digits...]000 x°*° D/ + /...1744 terms...]
— 113[...544 digits...|000 D_— 667[...544 digits...|000

time = 11.077 sec.

[[(-48;2+29xy+64y2+94x—31y

55 53y + 72 T po
X—J3) 33x+47y—173 2 2
—25 36 x — 71 25
)/ 50x—6y+40 ¢ ] ( * Xy+25y

5
—56x—17y+70) dy
102[...202 digits...]000 °” D? + 152[...203 digits...]000 x°* D? + /...286 terms...]
+ 691[...200 digits...J000 D_+ 103[...202 digits...J000

time = 0.689 sec.

[(—48x2+29xy+64y2+94x—31y
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—37x2-|—70xy+81y2+95x—65y—58
_25) S5x =53y 472 5042 — T4xy— 4852 + 63 + 96y — 82
50x—6y+40

5
(36 —71xy+25)* —56x— 17y +70) dy
977[...406 digits...J000 x'*° D + 210[...408 digits...]000 x' > D® + /...1074 terms...]
— 183[...404 digits...J000 D_+ 245[...404 digits...|200

time = 4.581 sec.

[(—48x2+29xy+64y2+94x—31y

5 5 98x +46y — 97
_25) S8x" —27xy+ 82y  —23x+ 68y — 46 o 133 =57y =32
17X +47xy+ 59> —44x— 10y + 44

5
(36X —71xy+25)* —56x— 17y +70) dy
699]....453 digits...]000 x'*° D® — 584[...454 digits...]000 x' > D® + /...1074 terms...]
— 874[...480 digits...]808 D_+ 169]...481 digits...|760

time = 6.481 sec.

(483> +29xy+ 641> +94x—31y

—25)

58x% —27xy+ 82)° — 23 x4 68y — 46
47x2+47xy+59f2—44x—10y+44

43x2 +96xy — 3712 + 46x — 41y — 96
e%xl+ﬂxy—4w2—71x+ay+51

(36> —71xy+25)* —56x

5
—17y+70) dy
[Length of output exceeds limit of 1000000]
| time = 63.546 sec.

;Touﬂthneforﬂﬁssecﬁon:
> time()-st;

90.072 3.1)

Bivariate mixed terms

[> st:=time():

> Int((1+x/(n"2+1))*((x+1)"2/(x-4)/(x-3)"2/(x"2-5)"3) “n*sqrt (x"2
-5) *exp((x"3+1) /x/(x-3)/ (x-4)"2) ,x);

@.1)



x3+1
_ —_ a2
=5 et ETIETHT 0 @)

: , i
(1+ 2x ) (x—|—12) 2 3J
n+1 (x—4) (x—3)" (¥ =5)

> bigredct(%,[n::shift]);
n
X (x+1)° [2 x(xr—3) (x — 4)2
(1%— 2 ) S 3 x—5e¢ dx
‘ n+ (x—4) (x—=3)" (x —5)
950]...175 digits...|000 2 D® + 103[...171 digits...]J000 n”’ D + /...900 terms...]
+ 101[...207 digits...]J000 7 — 988[...210 digits...]J000 D

[ time = 1.511 sec.
> redct (Int(((z72-1)/2/(z-x))"n*(1-z)"alpha*(1+z)"beta/(z-x),z),
[n::shift]);

0’ xD, — 30 BxD +/[.58 terms..] +20n +8 4.2)

x3—|—1

> for i from 50 by 50 to 300 do
bigredct (Int((1+x) " (i*n)/x"(n+l),x),[n::shift]);
od;

(x4 1)°°"

n+1 dx
X

6601...77 digits...]449 n** D — 888]...79 digits...|000 n*” + /...96 terms...]
+ 608[...57 digits...|000 D_ — 304[...59 digits...|000

time = 0.189 sec.
(x4_1)m0n

n—+1 dx
X

369]...192 digits...|899 n”” D — 100[...195 digits...]J000 n”” + /...196 terms...]
+ 933[...150 digits...J000 D — 933[...152 digits...]000

time = 1.832 sec.
(x_|_ 1)150n

n+1 dx
X

637[...318 digits...|349 n' ¥ D — 259[...321 digits...J000 n'** + /...296 terms...]
+ 380[...255 digits...J000 D — 571[...257 digits...]000

time = 3.566 sec.
(x_+_1)200n

n—+1 dx
X

296]...452 digits...]799 n'** D — 160[...455 digits...J000 n' ™ + /...396 terms...]

+ 394[...367 digits...J000 D — 788[...369 digits...]000

time = 12.827 sec.

(x_|_ 1)250n

n+1 dx
X

450[...591 digits...]249 n**’ D — 305[...594 digits...J000 n**” + /...496 terms...]




+ 129]...485 digits...J000 D — 323[...487 digits...]000

time = 19.699 sec.

300 n
(x+1)
n+1 b
X

168[...735 digits...]699 n*”” D — 136]...738 digits...|000 n**° + /...596 terms...]
+ 102[...607 digits...J000 D — 306]...609 digits...J000

| time = 60.283 sec.
| Another family:
> for i to 8 do
p:=x*randpoly(x,degree=i,dense)”2/randpoly(x,degree=i,
dense);
f:=Int(p”"(-n-1)*x*normal (diff(p,x)),x);
bigredct (f, [n::shift])
od:

2 -n—1
[x(98x+71) J

x (98 x + 71) (5488 x* + 13230 x + 3195)

28 x + 45

3 dx
(28 x + 45)

210399412994 n° D” + 14629662551 > D+ [...7 terms...] + 3700480 n
+ 4687558176 D

time = 0.062 sec.

! (122 + 68x—45)° )
X X X — 2
5 2 ) x(12x + 68 x
‘ (60x %—82x-+87) 60x" + 82x+ 87

—45) (2160 x* + 8016 x> + 19072 x> + 17748 x — 3915)] dx

364[...42 digits...]000 n'* D} — 196[...42 digits...|576 n'* D + [...50 terms...]
+ 265[...35 digits...]750 n + 243[...38 digits...]000 D

time = 0.111 sec.

3 ) 2 -n—1

x(-86x —31x" —89x—51) 3

3 > x(86x
94 x + 13x +2x—31

1
{ (945 + 132 +2x—31)°
+31x% +89x+ 51) (32336x° + 11418 x° + 2241 x* — 26845 % — 5112x°
— 8277 x — 1581) ) dx
644[...147 digits...|816 n*> D® — 108[...147 digits...]544 n** D’ + [...156 terms...]
— 187[...142 digits...|200 n — 775[...144 digits...J000 D_

time = 0.194 sec.

—1/(29x4+74x3 +84x —23x




-n — 1

4 3 2 2
50 +57%° — 3027 +45x — 14
x (50 + 57 X +45x— 14) x (50x* +575°

-29xt — 74 — 84X +23 x4 53
—30x% +45x — 14) (7250 %" + 27159 %" + 45402 x° + 8995 x° — 38058 x
— 12535 + 7056 x* — 7155 x + 742) ) dx

257[...282 digits...]192 n>” D° — 184[...283 digits...|344 > D! + [...355 terms...]
+ 366[...283 digits...J000 n — 192[...287 digits...]J000 D_

time = 0.388 sec.

2
[[( x(655° —60x° + 7427 — 49 x — 80)

—53)2

-n—1

x(65x° —60x 4+ 74x°

58X —76xT +21xX +95x° —27x+ 25

—49x—80) (22620 x'" — 34580 x” + /...7 terms...] — 3675 x — 2000) J

2
(58x° —76x" +21x° +95x* —27x+25) dx
222]...433 digits...|000 n°' D!° + 777[...430 digits...]000 n°' D’ + /...677 terms...]
+ 145[...441 digits...|000 n — 184[...445 digits...J000 D_

time = 1.967 sec.

) -n—1
x(-40x" —48x° —33x" +98x° —36x" 4+ 19x— 10) 6
- x(40x

3704+ 9028 +92x* —69x° —50x — 54 x + 68

+48x +33x" —98x" +36x% — 19x+10) (10360 x'* — 20560 x''
+ [.9terms..] +3876x—680)) / (37x°—92x" —92x" +69x + 50

+ 54x— 68)2 dx
269]...658 digits...J000 n** D'* — 145[...661 digits...|760 n*° D" + /...1152 terms...]
+ 544[...693 digits...J000 n — 466[...700 digits...]J000 D_
time = 2.029 sec.
[ v (=545 +842° —88x° — 196 — 194 + 272 + 275 — 12)° o
J ( 9x —18x° +71x" +88x" —78x" —20x" —20x + 83

x(54x7
— 84" +88x° +19x" +19x° —27x* —27x+ 12) (3888 x'* — 13284 x"°
+ [ 01 terms...] —6723x+996)) / (9x" —18x" +71x° +88x" — 78
2 2
—20x" —20x+ 83) dx

[Length of output exceeds limit of 1000000]
time = 6.817 sec.



—[((x(Sle—i- 155 + 770+ 552" —58x* + 857 + 18%% +35x

2
—72) )/(—32x8+23x7+66x6+75x5 +95x +93x° — 51 —37x

-n—1

—70))  x (51284157 + 7725+ 552 — 581 +85%° + 18x% +35x
—72) (14688 x'® — 8370 x'° + [...13 terms...] + 7350 x — 5040)] (324°

2
—23x" —66x°—75x" —95x" —93x + 5157 +37x+70) dx

[Length of output exceeds limit of 1000000]
[ time = 22.814 sec.

| Another family, for which Mgfun needs some help:
> for i from 7 to 15 do
p:= randpoly(x,degree=i,dense);
f:=exp(Int(1l/p,x))/p"n;
print(Int(£f,x));
bigredct (Int (LFSol_of multi hyper(f, {x::diff n::shift}),x),
[n::shift])
od: i
‘ 1
dx

e-ﬁ7x7+8x6+11x5—3x4+51x3+52x2—19x+11

dx
(675 +8:x°+ 11 —3x" +51° +52°2 —19x+ 11)"

Lol | fn+1,0) 4 ———— TN ,
67x —8x —1lx +3x —51x —52x +19x—11

0
a _f(n,x)

+ ((469nx" —48nx —55nx" +12nx —153nx> —104nx+ 191

+—l)ﬂf@ux))/(67x7—-8x6——11x54-3x4—-51x3——52x2%-19x——11)})dx
564[...114 digits...J000 #°° D® — 737[...113 digits...]000 n°° D> + [...255 terms...]

— 206[...117 digits...J000 D — 421[...116 digis...]000

time = 0.277 sec.
1

e<@5x8+15x7+19x6+20x5+61x4—92x3+68x2—23x+25

dx

dx
(-95:° + 152" +19x° + 202" + 61x* — 922> + 682> — 23 x+25)"

ﬁLFSbZ[[_f(n + 1,x)




_f(n,x) 0
95x° —15x" —19x° —20x° —61x* +92x° —68x° +23x—25 Ox

f(mx)+ ((760 nx" —105nx° — 114nx° — 100 nx* — 244 n x> + 276 n x*

w

—136nx+23n+1) f(mx))] (9555 —15x7 — 1958 —20%° —61x* + 92 x
—68x" +23x—25)}) dx

111[...158 digits...]040 n*” D! — 122[...157 digits...|880 n* D + /...396 terms...]
+ 226[...168 digits...J000 D + 337[...167 digits...]000

time = 0.549 sec.

1
dx
eJ—9x9+83x8+35x7+77x6+89x5+44x4—32x3—75x2+53x+16

dx
(-9 +83:° +35:7 +77:° +89° +44x* =323 — 752 +53x+ 16)"

[LFSOZ[[_f(n + 1,x)

_f(n,x)
9x —83x —35x" —77x° -89 —44x* +32° + 75> —53x— 16

G
a0 S(nx) + ((81nx®—664nx" —245nx" —462nx — 445 nx"
X

1760 + 96 02> +150nx—53n+1) f(n,x)) ] (9 — 835 =354
—77x" =89 —44x* + 32 + 755 —53x—16)}) dx

205]...225 digits...J032 n°* DY — 125[...224 digits...]|104 n°* D! + [...581 terms...]
+ 378[...232 digits...J000 D + 435[...231 digis...]000

time = 1.626 sec.

1
‘ dx
e58x“)+60x9+[L7wnm%]—12x—57

10 9 n o
(58x° +60x + [..7 terms...] —12x — 57)

]
LFSol| {_f(n+ 1,x) — — 5 S (n,x) ,— f(nx)
‘ S8x " +60x" + [..7 terms...] —12x— 57 Ox

(58071x9 + 540 n X" + [..7terms..] —12n—1) f(n, x) &
58x'0 4+ 60 + [...7 terms...] — 12 x — 57

103[...258 digits...]000 n°*' D’ + 114[...257 digits...|000 2" D + /...816 terms...]
+ 767[...281 digits...]000 D — 220[...281 digits...J000

time = 1.82 sec.

+

1
o 18x11 — 14x10 4+ /. 8 terms..] +40x + 24

dx

dx
11 10 n
(18x" — 14x " + [..8terms...] + 40 x + 24)




_f(n,x) o
18x' ' — 14" + /.. .8 terms..] + 40 x + 24~ Ox

(7, x)

[LFSOZ[[_f(n +1,x) —

+ (198 nx'?— 140nx9+[...8terms...]+40n— 1) f(n,x) U &

18x — 14410 + [...8 terms...] + 40 x + 24

305[...315 digits...]712 n'°° D'? — 581[...314 digits...]408 n'*°

n

+ 888[...348 digits...J000 D + 227[...349 digits...]000

D) + [...1107 terms...]

time = 3.34 sec.
1

d
e9ﬂ2—wx“+[ﬁwmmJ+Mx+w )
dx
12 11 n
(9x'"—89x " + /.9 terms...] + 41 x+ 30)
_f(n,x) g

(n, x)

LFSol“_f(n +1,x) —

9x'2 —89x" + /. 9terms..] +41x+30 Ox

9x'2 —89x"" + /.. 9terms...] + 41 x + 30
121

N (108 nx"" =979 nx'" + [.9terms..] +41n—1) f(n,x) ]]d
X

547[...455 digits...]888 n'>' D' ' — 312[...454 digits...]096 n
+ 110[...497 digits...J000 D + 115[...496 digits...]000

D' + [..1460 terms...]

time = 8.021 sec.
1

d
o 13 4+ 24x12 4 [ 10 terms..] — 54x — 76 )
dx
13 12 n
(-x° +24x "+ [..10terms...] — 54 x — 76)
_f(n,x) 9

L f(n.x)
P 24?4 [...10 terms...] + 54 x + 76 Ox

" (l3nx12—288nx11+[...10terms...]+54n+l)j(n,x) de

P24y 4 [...10 terms...] + 54 x + 76
144

J’LFSolH_f(n + Lx) +

193[...502 digits...]064 n'** D' + 570[...500 digits...]992
+ 841[...550 digits...J000 D + 409[...549 digits...]000

time = 13.01 sec.

D'+ /.1881 terms...]

1
‘ dx
e_—3ﬂ4<+62ﬂ3-+LJJMnm,]—6x-+8

(-3x"+62x" + /.11 terms..] —6x+8)"

dx

_f(n,x) KA
3xM —62x"° + [0l terms.. ] +6x—8 Ox

(7, x)

[LFSOZ[[_f(n + 1,x) +

+ (42nx13 — 806 nx'" + [0 terms..] +6n+1) f(nx) ” d

3 — 62X + [..1] terms...] + 6 x — 8

[Length of output exceeds limit of 1000000]
time = 28.539 sec.



' 1
’ dx
e77xw-+99ﬂ4—Fﬁ12mnmﬂ]+98x—20

15 14 n
(77x° +99x" + [...12 terms...] + 98 x — 20)

dx

_f(n, x) o
77x"° +99x'" + /.12 terms..] + 98 x — 20 Ox

)

(n, x)

LFSbI[[_f(n +1,x) —

(1155 nx't + 1386 nx"? + [..12terms..] +98n —1) f(n,x)
77x" + 99" /.12 terms...] + 98 x — 20

[Length of output exceeds limit of 1000000]
[ time = 52.758 sec.

;Touﬂthneforﬂﬁssecﬁon:
> time()-st;

244.832 4.3)

¥ Gegenbauer examples

;> m:="m':mu:="mu’':nu:='nu':a:='a':lambda:='lambda’:
| > infolevel[redct]:=2: # display intermediate information

B F:=Int (x"ell*GegenbauerC(m,mu, x) *GegenbauerC(n,nu,x)* (-x"2+1)"
(nu-1/2),x = -1 .. 1);

I
1 v L

2
F:= x* GegenbauerC (m, |, x) GegenbauerC (n, v, x) ( X+ ) dx
J—1

| With ell=0
> st:=time():
redct (subs(ell=0,F), [m::shift, n::shift, mu::shift,nu::shift]);
time()-st;
redct: dimension 4
scalar red ct: dealing with monomial 1 at time: 10465.206
exceptionalbasis: entering exceptionalbasis at time 10465.206
exceptionalbasis: dimension of the exceptional set 2

(5.1)

exceptionalbasis: degrees of its elements [2 3]

exceptionalbasis: exceptional basis computed in .441 sec.
scalar red ct: reduction done at time: 10465.648
scalar red ct: dealing with monomial D[m] at time: 10465.648

scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

10466.083

reduction done at time: 10465.769
dealing with monomial D[mu] at time:
reduction done at time: 10465.863
dimension of the matrix: 2

col. degrees of the matrix entries: 0 0
relation found

degree of the solution: 0

dealing with monomial D[n] at time:
reduction done at time: 10465.967
dimension of the matrix: 2

col. degrees of the matrix entries: 0 0
relation found

degree of the solution: 0

dealing with monomial D[nu] at time:
reduction done at time: 10466.081
dimension of the matrix: 2

col. degrees of the matrix entries: 0 0
relation found

degree of the solution: 0

dealing with monomial D[m]"2 at time:

10465.769

10465.865

10465.974



scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

reduction done at time: 10466.222
dimension of the matrix: 2

col. degrees of the matrix entries: 0 0
relation found

degree of the solution: 0

dim quotient: 2

degree coeffs: 3
2 2
4u DM—4uDuv—m2—4mu+2Vm—4u +4uv+n’+2nv,-mnD

scalar red ct:

+mnD_ +[..11terms...] —2vD —D,msz +2muvD
n n n v A%

+ [..20 terms...] + n+2v, m? Di +2m VDi + [...10 terms...] +2nv + 4Dr2n

1.516 (5.2)

| General ell:
> st:=time():
redct(F,[ell::shift,m::shift, n::shift,mu::shift,nu::shift]);
time()-st;
redct: dimension 4
scalar red ct: dealing with monomial 1 at time: 10467.230
exceptionalbasis: entering exceptionalbasis at time 10467.230
exceptionalbasis: dimension of the exceptional set 2
exceptionalbasis: degrees of its elements [6 7]

exceptionalbasis: exceptional basis computed in

scalar red ct:
scalar red ct:
10468.988
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
10478.549
scalar red ct:
scalar red ct:
scalar red ct:
4
scalar red ct:
scalar red ct:
scalar red ct:
10478.613
scalar red ct:
scalar red ct:
scalar red ct:
4
scalar red ct:
scalar red ct:
scalar red ct:
10479.411
scalar red ct:
scalar red ct:
scalar red ct:
4
scalar red ct:
scalar red ct:
scalar red ct:
10481.492
scalar red ct:
scalar red ct:

1.758 sec.
reduction done at time: 10468.988
dealing with monomial D[ell] at time:

reduction done at time: 10468.988
dealing with monomial D[m] at time: 10468.988
reduction done at time: 10470.974
dealing with monomial D[mu] at time: 10470.982
reduction done at time: 10474.921
dealing with monomial D[n] at time: 10474.926
reduction done at time: 10476.741
dealing with monomial D[nu] at time: 10476.752

reduction done at time: 10478.543
dealing with monomial D[ell]"2 at time:

reduction done at time: 10478.549
dimension of the matrix: 6

col. degrees of the matrix entries: 0 0 6 5 6
relation found

degree of the solution: 2

dealing with monomial D[ell]*D[m] at time:

reduction done at time: 10479.337
dimension of the matrix: 6

col. degrees of the matrix entries: 0 0 6 5 6
relation found

degree of the solution: 5

dealing with monomial D[ell]*D[mu] at time:

reduction done at time: 10481.418
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5 6

relation found
degree of the solution: 5
dealing with monomial D[ell]*D[n] at time:

reduction done at time: 10482.174
dimension of the matrix: 6



scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10482.239

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10484.976

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10494.925

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10509.850

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10522.732

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10533.437

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10559.640

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10576.342

scalar red ct:
scalar red ct:
scalar red ct:

4

col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 4
dealing with monomial D[ell]*D[nu] at time:

reduction done at time: 10484.884
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 6
dealing with monomial D[m]"2 at time:

reduction done at time: 10494.768
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 6
dealing with monomial D[m]*D[mu] at time:

reduction done at time: 10509.631
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 8
dealing with monomial D[m]*D[n] at time:

reduction done at time: 10522.605
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 6
dealing with monomial D[m]*D[nu] at time:

reduction done at time: 10533.158
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 8
dealing with monomial D[mu]”"2 at time:

reduction done at time: 10559.472
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 7
dealing with monomial D[mu]*D[n] at time:

reduction done at time: 10576.089
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5

relation found
degree of the solution: 8
dealing with monomial D[mu]*D[nu] at time:

reduction done at time: 10592.542
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5



scalar red ct:
scalar red ct:
scalar red ct:

10592.639

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10605.137

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:

10615.331

scalar red ct:
scalar red ct:
scalar red ct:

4

scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

relation found
degree of the solution: 5
dealing with monomial D[n]"2 at time:

reduction done at time: 10605.031
dimension of the matrix: 6

col. degrees of the matrix entries: 0 0 6 5 6
relation found

degree of the solution: 5

dealing with monomial D[n]*D[nu] at time:

reduction done at time: 10615.155
dimension of the matrix: 6

col. degrees of the matrix entries: 0 0 6 5 6
relation found

degree of the solution: 9

dealing with monomial D[nu]”2 at time:

reduction done at time: 10631.434
dimension of the matrix: 6
col. degrees of the matrix entries: 0 0 6 5 6

relation found

degree of the solution: 7
dim quotient: 6

degree coeffs: 4

Q2 DE -2 Qp,Dg + [..28 terms..] + 6 v —2,4mD,D _+ m’ DD,

+ [..24 terms...] —n—2v,4 uz D, Du —4uvD, DM + /.21 terms..] —D

+D,nDyD +2vD +D,D —n—2v,22vD,D_—4QuvD,D
n n A% n A% Vv

+ /.58 terms..] +2vD +2D ,¢ m? Dfn +m’ Dfn + [.55 terms...] —2n

—4v,4’D D —4uvD D +/.27terms..] —D +D ,8mnD D
mou mou m n m-n

+28mvD +/[.49terms..] —n—2v,28vD D +2mvD D
A% m v m v

3 2
+ [..22terms..] —4vD _+D ,8u Di —8u v Di + /.66 terms...] — 2 n

—4VJH3nDMDn—4unVDMDn+[JMmem]+nDn—2VDW

4uvDuDV+2QVDV+[@8wmm%ﬁ—n—2VJ3Di+4nVDV

+[;7wmwm]—Wr—2w2Q2nVDnDV—4QunVDnDV+[m39wmmm]

—22yD, = 5D, 42V D2 — 80UV’ D+ [.117 terms..] +6n+ 12v

165.381 (5.3)

;Another integral with Gegenbauer polynomials:
> F:=Int((x+a)" (g+lambda-1)*(a-x)" (beta-1)*GegenbauerC(m,g,x/a)*
GegenbauerC(n,lambda,x/a),x = -a .. a);

a
F =

T -a

(x+a)™ Pl (a — )c)B -l GegenbauerC(m, g i) GegenbauerC(n, A,
a

(5.4)



E-jdx
a

> st:=time()

redct(F,[m;:shift, n::shift,a::diff, beta::shift]);

time()-st;

redct: dimension 4

scalar red ct:
exceptionalbasis: entering exceptionalbasis at time 11882.785

dealing with monomial 1 at time: 11882.785

exceptionalbasis: dimension of the exceptional set 2
exceptionalbasis: degrees of its elements [3 4]

exceptionalbasis: exceptional basis computed in
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

11890.880

scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

11897.351

scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

11897.363

scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

11898.576

scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:
scalar red ct:

aDa—B—g—k+l,amDm-I—anDn+[...IOlerms...]+mD
2 2
—2a2[.’) gm Dm—|-2a2[3 AmD +[.258 terms..] —2aD

—2aB2mDm—4aBgm D +/[.77terms..] —aD +D

reduction done at time: 11890.878

dealing with monomial D[a] at time: 11890.878

reduction done at time: 11890.878
dimension of the matrix: 1

col. degrees of the matrix entries: 0
relation found

degree of the solution: 0

dealing with monomial D[beta] at time:

reduction done at time: 11890.880

dealing with monomial D[m] at time: 11890.880
reduction done at time: 11894.052
dealing with monomial D[n] at time: 11894.054

reduction done at time: 11897.329
dimension of the matrix: 3

col. degrees of the matrix entries: 0 1 6
relation found

degree of the solution: 5

dealing with monomial D[beta]”2 at time:

reduction done at time: 11897.352
dimension of the matrix: 3

col. degrees of the matrix entries: 0 1 6
relation found

degree of the solution: 6

dealing with monomial D[beta]*D[m] at time:

reduction done at time: 11898.531
dimension of the matrix: 3

col. degrees of the matrix entries: 0 1 6
relation found

degree of the solution: 7

dealing with monomial D[m]"2 at time:

reduction done at time: 11934.147
dimension of the matrix: 3

col. degrees of the matrix entries: 0 1 6
relation found

degree of the solution: 8

dim quotient: 3

degree coeffs: 6

+nD_,

B B

2
D
I3+ p’
Dm,aﬁzsz2

m

B

+2aBgm2Di+[mHmem@]—Zag—am

53.075

8.093 sec.

(5.5)



